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Abstract

A Dynamic relaxation (DR) program based on finite differences has been
developed for small and large deflection analysis of rectangular laminated plates
using first order shear deformation theory (FSDT). The displacements are assumed
linear through the thickness of the plate. Dynamic Relaxation (DR) method is
presented for the geometrically linear and nonlinear laterally loaded, rectangular
laminated plates. The analysis uses the Mindlin plate theory with first order shear
deformation theory (FSDT) which accounts for transverse shear deformation. A
computer program has been compiled using a FORTRAN program. The convergence
and accuracy of the DR solutions for elastic small and large deflection response are
established by comparison with various exact and approximate solutions. New
numerical results are generated for uniformly loaded square laminated plates which
serve to quantify the effects of shear deformation, material anisotropy, fiber
orientation, and coupling between bending and stretching.

It was found that linear analysis seriously over-predicts deflections of plates.
The shear deflection depends greatly on a number of factors such as length/ thickness
ratio, degree of anisotropy and number of layers. It was also found that coupling
between bending and stretching can increase or decrease the bending stiffness of a
laminate depending on whether it is positive or negative.

It was also found that: The convergence and accuracy of the DR solution is
dependent on several factors including boundary conditions, mesh size and type,
fictitious densities, damping coefficients, time increment and applied load. Also, the
DR large deflection program using uniform finite differences meshes can be
employed in the analysis of different thicknesses for isotropic, orthotropic or
laminated plates under uniform loads. All the comparison results for simply
supported (SS4) edge conditions showed that deflection is almost dependent on the

direction of the applied load or the arrangement of the layers
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Preface

The objective of this book is to present a complete and up to date treatment of
rectangular laminated plates with uniform cross sections. Dynamic relaxation (DR)
method coupled with finite differences procedures is used for solving governing
equations of small and large deflection composite plates and their solutions using first
order shear deformation (FSDT) theory. Plates are common structural elements of
most engineering structures, including aerospace, automotive, and civil engineering
structures, and their study from theoretical and analysis points of view is fundamental
to the understanding of the behavior of such structures.

The motivation that led to the writing of the present book has come from many
years of studying first order shear deformation theory and its analysis by the finite
differences and dynamic relaxation methods, and also from the fact that there does
not exist a book that contains a detailed coverage of shear deformation plate theory,
and finite differences mixed with dynamic relaxation model in one volume. The
present book fulfills the need for a complete treatment of first order shear
deformation theory of plates and its solution by a numerical method.

The material presented is intended to serve as a basis for a critical study of the
fundamental of elasticity and several branches of solid mechanics including advanced
mechanics of materials, theories of plates, composite materials and numerical
methods. Chapter one includes certain properties of laminated plates, and at the end
of this chapter the most important objectives of the book are cited, this subject may
be used either as a required reading or as a reference subject. The mathematical
modeling of the plates for both linear and nonlinear theories is presented in chapter
two. In chapter three a powerful numerical technique which could be applied for all
types of analysis i.e. linear and nonlinear, various number and angle of plies, different
boundary conditions and uniform transverse loading is presented. The present DR
results are validated with similar results generated by DR and/or other numerical and
approximate analytical solutions in chapter four. In chapter five, the effects of

transverse shear deformation, material anisotropy, orientation, and coupling between

viii



stretching and bending on the deflections of laminated plates are investigated.
Chapter six is dedicated to the conclusions and suggestions for further research.

The book is suitable as a textbook for a first course on theory of plates and
dynamic relaxation technique in civil and mechanical engineering curricula. It can be

used as a reference by engineers and scientists working in industry and academic
institutions.



CHAPTER (1)

Historical Background

1.1 Introduction

Composites were first considered as structural materials a little more than half
a century ago. And from that time to now, they have received increasing attention in

all aspects of material science, manufacturing technology, and theoretical analysis.

The term composite could mean almost anything if taken at face value, since
all materials are composites of dissimilar subunits if examined at close enough
details. But in modern materials engineering, the term usually refers to a matrix
material that is reinforced with fibers. For instance, the term "FRP" which refers to
Fiber Reinforced Plastic usually indicates a thermosetting polyester matrix containing
glass fibers, and this particular composite has the lion's share of today commercial

market.

Many composites used today are at the leading edge of materials technology,
with performance and costs appropriate to ultra-demanding applications such as
space craft. But heterogeneous materials combining the best aspects of dissimilar
constituents have been used by nature for millions of years. Ancient societies,
imitating nature, used this approach as well: The book of Exodus speaks of using
straw to reinforce mud in brick making, without which the bricks would have almost
no strength. Here in Sudan, people from ancient times dated back to Merowe

civilization, and up to now used zibala mixed with mud as a strong building material.

As seen in Table 1.1 below, which is cited by David Roylance [54], the fibers
used in modern composites have strengths and stiffnesses far above those of
traditional structural materials. The high strengths of the glass fibers are due to
processing that avoids the internal or surface flaws which normally weaken glass, and
the strength and stiffness of polymeric aramid fiber is a consequence of the nearly

perfect alignment of the molecular chains with the fiber axis.
1



Table 1.1 Properties of composite reinforcing fibers

) E o, g, ye, Elp o, p
Material ) 5 ;
(GN/m?) | (GN/m”) | (%) | (Mg/m”) | (MN.m/kg) | (MN.m/kg)
E-glass | 72.4 24 26| 254 28.5 0.95
S-glass | 85.5 45 [20] 249 343 1.8
Aramid | 124 36 | 23] 145 86 2.5
Boron | 400 35 | 1.0] 245 163 1.43
HS 1 553 45 |[1.1] 180 140 25
graphite
HM 1 550 24 |o6| 185 281 13
graphite

Where E is Young's modulus, o, is the breaking stress, ¢, is the breaking strain, and

p Is the mass density.

Of course, these materials are not generally usable as fibers alone, and
typically they are impregnated by a matrix material that acts to transfer loads to the
fibers, and also to protect the fibers from abrasion and environmental attack. The
matrix dilutes the properties to some degree, but even so very high specific (weight —
adjusted) properties are available from these materials. Polymers are much more
commonly used, with unsaturated Styrene — hardened polyesters having the majority
of low — to — medium performance applications and Epoxy or more sophisticated
thermosets having the higher end of the market. Thermoplastic matrix composites are
increasingly attractive materials, with processing difficulties being perhaps their

principal limitation.

Composites possess two desirable features: the first one is high strength to
weight ratio, and the second is their properties that can be tailored through variation
of the fiber orientation and stacking sequence which gives the designers a wide
spectrum of flexibility. The incorporation of high strength, high modulus and low-

density filaments in a low strength and a low modulus matrix material is known to

2



result in a structural composite material with a high strength / weight ratio. Thus, the
potential of a two-material composite for use in aerospace, under-water, and
automotive structures has stimulated considerable research activities in the theoretical
prediction of the behavior of these materials. One commonly used composite
structure consists of many layers bonded one on top of another to form a high-
strength laminated composite plate. Each lamina is fiber- reinforced along a single
direction, with adjacent layers usually having different filament orientations. For
these reasons, composites are continuing to replace other materials used in structures
such as those mentioned earlier. In fact composites are the potential structural
materials of the future as their cost continues to decrease due to the continuous

Improvements in production techniques and the expanding rate of sales.
1.2 Macro and Micro Structure of Composites

There are many situations in engineering where no single material will be
suitable to meet a particular design requirement. However, two materials in
combination may possess the desired properties and provide a feasible solution to the
materials selection problem. A composite can be defined as a material that is
composed of two or more distinct phases, usually a reinforced material supported in a
compatible matrix, assembled in prescribed amounts to achieve specific physical and

chemical properties.

In order to classify and characterize composite materials, distinction between
the following two types is commonly accepted; see Vernon [1], Jan Stegmann and
Erik Lund [5], and David Roylance [54].

1. Fibrous composite materials: Which consist of high strength fibers
embedded in a matrix. The functions of the matrix are to bond the fibers
together to protect them from damage, and to transmit the load from one
fiber to another. See Fig.1.1.

2.Particulate composite materials: This composed of particles encased within a
tough matrix, e.g. powders or particles in a matrix like ceramics.
3
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Fig. 1.1 Structure of a fibrous composite

In this thesis the focus will be on fiber-reinforced composite materials, as they
are the basic building element of a rectangular laminated plate structure. Typically,
such a material consists of stacks of bonded-together layers (i.e. laminas or plies)
made from fiber-reinforced material. The layers will often be oriented in different
directions to provide specific and directed strengths and stiffnesses of the laminate.
Thus, the strengths and stiffnesses of the laminated fiber-reinforced composite
material can be tailored to the specific design requirements of the structural element

being built.

1.2.1 Mechanical Properties of a Fiber-Reinforced Lamina

Composite materials have many mechanical characteristics, which are
different from those of conventional engineering materials such as metals. More
precisely, composite materials are often both inhomogeneous and non-isotropic.
Therefore, and due to the inherent heterogeneous nature of composite materials, they
can be studied from a micromechanical or a macro-mechanical point of view. In
micromechanics, the behavior of the inhomogeneous lamina is defined in terms of the
constituent materials; whereas in macro-mechanics the material is presumed
homogeneous and the effects of the constituent materials are detected only as
averaged apparent macroscopic properties of the composite material. This approach is
generally accepted when modeling gross response of composite structures. The
micromechanics approach is more convenient for the analysis of the composite

material because it studies the volumetric percentages of the constituent materials for

4



the desired lamina stiffnesses and strengths, i.e. the aim of micromechanics is to
determine the moduli of elasticity and strength of a lamina in terms of the moduli of
elasticity, and volumetric percentage of the fibers and the matrix. To explain further,
both the fibers and the matrix are assumed homogeneous, isotropic and linearly

elastic.

The fibers may be oriented randomly within the material, but it is also possible
to arrange for them to be oriented preferentially in the direction expected to have the
highest stresses. Such a material is said to be anisotropic (i.e. different properties in
different directions), and control of the anisotropy is an important means of
optimizing the material for specific applications. At a microscopic level, the
properties of these composites are determined by the orientation and distribution of
the fibers, as well as by the properties of the fiber and matrix materials.

Consider a typical region of material of unit dimensions, containing a volume
fraction, v; of fibers all oriented in a single direction. The matrix volume fraction is
then, V_, =1-V, . This region can be idealized by gathering all the fibers together,

leaving the matrix to occupy the remaining volume. If a stress o, is applied along the

fiber direction, the fiber and matrix phases act in parallel to support the load. In these

parallel connections the strains in each phase must be the same, so the strain &, in
the fiber direction can be written as:

E =& =&, (1.1)

Where the subscripts L, f and m denote the lamina, fibers and matrix respectively.

The forces in each phase must add to balance the total load on the material. Since the
forces in each phase are the phase stresses times the area (here numerically equal to
the volume fraction), we have

o,=c,V,+o0,V,=E&V,+E,é&V, (1.2)
The stiffness in the fiber direction is found by dividing the strain:

log
/
E =—L

=EV,+EJV, (1.3)
s



(Where E is the longitudinal Young's modulus)
This relation is known as a rule of mixtures prediction of the overall modulus in
terms of the moduli of the constituent phases and their volume fractions.

Rule of mixtures estimates for strength proceed along lines similar to those for
stiffness. For instance consider a unidirectional reinforced composite that is strained
up to the value at which the fiber begins to fracture. If the matrix is more ductile than
the fibers, then the ultimate tensile strength of the lamina in Eqn. (1.2) will be
transformed to:

ol =o'V, +o[1-V,) (1.4)
Where the superscript u denotes an ultimate value, and & is the matrix stress when

the fibers fracture as shown in fig.1.2.
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Fig .1.2 Stress-strain relationships for fiber and matrix

It is clear that if the fiber volume fraction is very small, the behavior of the lamina is

controlled by the matrix.
This can be expressed mathematically as follows:

ol =cl[1-V,) (1.5)



If the lamina is assumed to be useful in practical applications, then there is a
minimum fiber volume fraction that must be added to the matrix. This value is
obtained by equating equations (1.4) and (1.5) i.e.

On =0

VA _ (1.6)

min f
oi+o, -0,

The variation of the strength of the lamina with the fiber volume fraction is
illustrated in Fig.1.3. It is obvious that when O <V, <V,,, the strength of the
lamina is dominated by the matrix deformation which is less than the matrix strength.
But when the fiber volume fraction exceeds a critical value (i.e. Vi > Vcyiticar ), Then

The lamina gains some strength due to the fiber reinforcement.

o F Y
Fiber controlled
T
Matrix controlled
0 >
Vin V crstican VJ‘ 1.0

Fig. 1.3 Variation of unidirectional lamina strength with the fiber volume
fraction

The micromechanical approach is not responsible for the many defects which
may arise in fibers, matrix, or lamina due to their manufacturing. These defects, if
they exist include misalignment of fibers, cracks in matrix, non-uniform distribution
of the fibers in the matrix, voids in fibers and matrix, delaminated regions, and initial
stresses in the lamina as a result of its manufacture and further treatment. The above
mentioned defects tend to propagate as the lamina is loaded causing an accelerated
rate of failure. The experimental and theoretical results in this case tend to differ.

7



Hence, due to the limitations necessary in the idealization of the lamina components,
the properties estimated on the basis of micromechanics should be proved
experimentally. The proof includes a very simple physical test in which the lamina is
considered homogeneous and orthotropic. In this test, the ultimate strength and
modulus of elasticity in a direction parallel to the fiber direction can be determined
experimentally by loading the lamina longitudinally. When the test results are plotted,

as in Fig.1.4 below, the required properties may be evaluated as follows: -

E =0,lg ; o"=P'1A ; v,=—6,1¢

_:-,.»-U—h_.

T a A Fracture

"y

Fig.1.4 Unidirectional lamina loaded in the fiber-direction

Similarly, the properties of the lamina in a direction perpendicular to the fiber-
direction can be evaluated in the same procedure.

1.2.2 Analytical Modeling of Composite Laminates

The properties of a composite laminate depend on the geometrical arrangement
and the properties of its constituents. The exact analysis of such structure — property

relationship is rather complex because of many variables involved. Therefore, a few



simplifying assumptions regarding the structural details and the state of stress within

the composite have been introduced.

It has been observed, that the concept of representative volume element and
the selection of appropriate boundary conditions are very important in the discussion
of micromechanics. The composite stress and strain are defined as the volume
averages of the stress and strain fields, respectively, within the representative volume
element. By finding relations between the composite stresses and the composite
strains in terms of the constituent properties expressions for the composite moduli
could be derived. In addition, it has been shown that, the results of advanced methods

can be put in a form similar to the rule of mixtures equations.

Prediction of composite strengths is rather difficult because there are many
unknown variables and also because failure critically depends on defects. However,
the effects of constituents including fiber — matrix interface on composite strengths
can be qualitatively explained. Certainly, failure modes can change depending on the
material combinations. Thus, an analytical model developed for one material
combination cannot be expected to work for a different one. Ideally a truly analytical
model will be applicable to material combination. However, such an analytical model
Is not available at present. Therefore, it has been chosen to provide models each of
which is applicable only to a known failure mode. Yet, they can explain many of the

effects of the constituents. (refer to Ref. [2]).

1.3 Literature Review in the Theories of Laminated Plates

From the point of view of solid mechanics, the deformation of a plate
subjected to transverse loading consists of two components: flexural deformation due
to rotation of cross-sections, and shear deformation due to sliding of sections or
layers. The resulting deformation depends on two parameters: the thickness to length
ratio and the ratio of elastic to shear moduli. When the thickness to length ratio is
small, the plate is considered thin, and it deforms mainly by flexure or bending;

whereas when the thickness to length and the modular ratios are both large, the plate



deforms mainly through shear. Due to the high ratio of in-plane modulus to
transverse shear modulus, the shear deformation effects are more pronounced in the
composite laminates subjected to transverse loads than in the isotropic plates under
similar loading conditions.

The three-dimensional theories of laminates in which each layer is treated as
homogeneous anisotropic medium (see Reddy [17]) are intractable as the number of
layers becomes moderately large. Thus, a simple two-dimensional theory of plates
that accurately describes the global behavior of laminated plates seems to be a
compromise between accuracy and ease of analysis.

Putcha and Reddy [10] classified the two-dimensional analyses of laminated
composite plates into two categories: (1) the classical lamination theory, and (2) shear
deformation theories. In both theories it is assumed that the laminate is in a state of
plane stress, the individual lamina is linearly elastic, and there is perfect bonding
between layers. The classical laminate theory (CLPT), which is an extension of the
classical plate theory (CPT) applied to laminated plates was the first theory
formulated for the analysis of laminated plates by Reissner and Stavsky [37] in 1961,
in which the Kirchhoff-Love assumption that normal to the mid-surface before
deformation remain straight and normal to the mid-surface after deformation is used
(see Fig. 1.5), but it is not adequate for the flexural analysis of moderately thick
laminates. However, it gives reasonably accurate results for many engineering
problems i.e. thin composite plates, as stated by Srinivas and Rao [11] and Reissner
and Stavsky [37].

10



Lindfafbrmed _ J E

Assiemnad dfaifrrna fioe g morma )
(CLPT) (Shear stress paglarad)

Aszumed deformation gf norsal (FADT)
(Shear srress @suried wnform

s daifrene Lo of
morme] (HEDT) (perabalic
shaar strass distrilniion)

Fig. 1.5 Assumed deformation of the transverse normal in various
displacement base plate theories.
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This theory ignores the transverse shear stress components and models a laminate as
an equivalent single layer. The classical laminated plate theory (CLPT) under-
predicts deflections as proved by Turvey and Osman [6], [ 7] and [ 8], Reddy [17],
Osman and Osama [61] — [65] due to the neglect of transverse shear strain. The errors
in deflections are even higher for plates made of advanced filamentary composite
materials like graphite -epoxy and boron-epoxy, whose elastic modulus to shear
modulus ratios are very large (i.e. of the order of 25 to 40, instead of 2.6 for typical
isotropic materials). However, these composites are susceptible to thickness effects
because their effective transverse shear moduli are significantly smaller than the
effective elastic modulus along the fiber direction. This effect has been confirmed by
Pagano [40] who obtained analytical solutions of laminated plates in bending based
on the three-dimensional theory of elasticity. He proved that classical laminated plate
theory (CLPT) becomes of less accuracy as the side to thickness ratio decreases. In
particular, the deflection of a plate predicted by CLPT is considerably smaller than
the analytical value for side to thickness ratio less than 10. These high ratios of elastic
modulus to shear modulus render classical laminate theory as inadequate for the

analysis of composite plates.

Many theories which account for the transverse shear and normal stresses are
available in the literature (see, for example Mindlin [43]) .These are too numerous to
review here. Only some classical papers and those which constitute a background for
the present thesis will be considered. These theories are classified according to Phan
and Reddy [9] into two major classes on the basis of the assumed fields as :( 1) stress
based theories, and (2) displacement based theories. The stress-based theories are

derived from stress fields, which are assumed to vary linearly over the thickness of

the plate:
M. Z )
.= ! c——— 21,2,6 .
%= 76) (h/2) ( ) 1.7

(Where M; is the stress couples, h is the plate thickness, and z is the distance of the

lamina from the plate mid-plane)
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The displacement-based theories are derived from an assumed displacement field as:
u=u,+zu +z°u, +z°u, + ...
V=V 4zv, + 20V, 20+ 08
W=W, +zZw, +Z°W, + 2w, + ...
Where u,, v, and w, are the displacements of the middle plane of the plate.
The governing equations are derived using the principle of minimum total potential
energy. The theory used in the present work comes under the class of displacement-
based theories. Extensions of these theories which include the linear terms in z in u
and v and only the constant term in w, to account for higher -order variations and to
laminated plates, can be found in the work of Yang, Norris and Stavsky [38],
Whitney and Pagano [44] and Phan and Reddy [9]. In this theory which is called
first-order shear deformation theory (FSDT), the transverse planes, which are
originally normal and straight to the mid-plane of the plate, are assumed to remain
straight but not necessarily normal after deformation, and consequently shear
correction factor are employed in this theory to adjust the transverse shear stress,
which is constant through thickness (see Fig. 1.5). Recently Reddy [17] and Phan and
Reddy [9] presented refined plate theories that use the idea of expanding
displacements in the powers of thickness co-ordinate. The main novelty of these
works is to expand the in-plane displacements as cubic functions of the thickness co-
ordinate, treat the transverse deflection as a function of the x and y co-ordinates, and
eliminate the functions u, ,u; ,v; and v; from equation (1.8) by requiring that the
transverse shear stresses be zero on the bounding planes of the plate. Numerous
studies involving the application of the first-order theory to bending analysis can be
found in the works of Reddy [22], and Reddy and Chao [23].

In order to include the curvature of the normal after deformation, a number of
theories known as Higher-order Shear Deformation Theories (HSDT) have been
devised in which the displacements are assumed quadratic or cubic through the
thickness of the plate. In this aspect, a variationally consistent higher-order theory

which not only accounts for the transverse shear deformation but also satisfies the
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zero transverse shear stress conditions on the top and bottom faces of the plate and
does not require shear correction factors was suggested by Reddy [17]. Reddy's
modifications consist of a more systematic derivation of displacement field and
variationally consistent derivation of the equilibrium equations. The refined laminate
plate theory predicts a parabolic distribution of the transverse shear stresses through
the thickness, and requires no shear correction coefficients.

In the non-linear analysis of plates considering higher-order theory (HSDT),
shear deformation has received considerably less attention compared with linear
analysis. This is due to the geometric non-linearity which arises from finite
deformations of an elastic body and which causes more complications in the analysis
of composite plates. Therefore fiber-reinforced material properties and lamination
geometry have to be taken into account. In the case of anti-symmetric and
unsymmetrical laminates, the existence of coupling between bending and stretching
complicates the problem further.

Non-linear solutions of laminated plates using higher-order theories have been
obtained through several techniques, i.e. perturbation method as in Ref. [45], finite
element method as in Ref. [10], the increment of lateral displacement method as in
Ref. [18], and the small parameter method as in Ref. [29].

In the present work, a numerical method known as Dynamic Relaxation (DR)
coupled with finite differences is used. The DR method was first proposed in 1960s;
see Rushton [13], Cassell and Hobbs [52], Day [53]. In this method, the equations of
equilibrium are converted to dynamic equation by adding damping and inertia terms.
These are then expressed in finite difference form and the solution is obtained
through iterations. The optimum damping coefficient and time increment used to
stabilize the solution depend on a number of factors including the stiffness matrix of
the structure, the applied load, the boundary conditions and the size of the mesh used,
etc...

Numerical techniques other than the DR include finite element method, which
is widely used in the literature. In a comparison between the DR and the finite
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element method, Aalami [56] found that the computer time required for finite element
method is eight times greater than for DR analysis, whereas the storage capacity for
finite element analysis is ten times or more than that for DR analysis. This fact is
supported by Putcha and Reddy [10] who noted that some of the finite element
formulations require large storage capacity and computer time. Hence, due to less
computations and computer time involved in the present study, the DR method is
considered more efficient than the finite element method. In another comparison
Aalami [56] found that the difference in accuracy between one version of finite
element and another may reach a value of 10% or more, whereas a comparison
between one version of finite element method and DR showed a difference of more
than 15%. Therefore, the DR method can be considered of acceptable accuracy. The
only apparent limitation of DR method is that it can only be applied to limited
geometries. However, this limitation is irrelevant to rectangular plates which are
widely used in engineering applications.

1.4 The Objectives of the Present Study

The present work involves a comprehensive study of the following objectives,
which have been achieved over a period of three years:

1. A survey of various plate theories and techniques used to predict the response of
composite plates to static lateral loading.

2. The development of a theoretical model capable of predicting stresses and
deformations in a laminated plate in which the shear deformation is considered for
both linear and non-linear deflections.

3. The development and application of the dynamic relaxation technique for the
analysis of rectangular laminated plates subjected to uniform lateral loading.

4. Investigation of the accuracy of the theoretical model through a wide range of
theoretical comparisons.

5. Generation of results based on first order shear deformation theory (FSDT) for
the comparison between linear and non-linear analyses.

6. Study the factors affecting the deflection of a laminated plate.
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CHAPTER (2)

Mathematical Formulation of Plates

There are two main theories of laminated plates depending on the magnitude of
deformation resulting from loading a plate and these are known as the linear and
nonlinear theories of plates. The difference between the two theories is that the
deformations are small in the linear theory, whereas they are finite or large in the

nonlinear theory.
2.1 Linear Theory
2.1.1 Assumptions

1- The plate shown in Fig 2.1 is constructed of an arbitrary number of orthotropic
layers bonded together as in Fig 2.2. However, the orthotropic axes of material
symmetry of an individual layer need not coincide with the axes of the plate.

2- The displacements u, v, and w are small compared to the plate thickness.

3- In-plane displacements u and v are linear functions of the z-coordinate.

4- Each ply obeys Hook’s law.

5- The plate is flat and has constant thickness.

6- There are no body forces such as gravity force.

7- The transverse normal stress is small compared with the other stresses and is

therefore neglected.
Fi¥

! =
i ff
"/ //
e
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%

Ziw

Fig. 2.1 A plate showing dimensions and deformations
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Fig. 2.2 Geometry of an n-Layered laminate

2.1.2 Equations of Equilibrium

The stresses within a body vary from point to point. The equations governing
the distribution of the stresses are known as the equations of equilibrium. Consider
the static equilibrium state of an infinitesimal parallel piped with surfaces parallel to
the co-ordinate planes. The resultants stresses acting on the various surfaces are
shown in Fig. 2.3. Equilibrium of the body requires the vanishing of the resultant

forces and moments.

Fig.2.3 Stresses acting on an infinitesimal element
17



. i 0
Where the dash indicates a small increment of stresse.g. o, =0, + %dx
X

The forces in the direction of x are shown in Fig.2.4. The sum of these forces gives
the following equation.

0o, 0oy 00,

=0 2.1)
ox oy oz
By summing forces in the directions y and z, the following two equations are
obtained:
0o, N oo, N oo, 0 22)
ox 8_)/ Oz
oo, N oo, Oo, 0 23)
ox Oy oz
V N o, + 2o, &
05 . 2o,
o, *-——————————— - 1+ —
2%
az
X
Z ~ =
(o

Fig.2.4 Stresses acting in the x—direction.

In order to facilitate the analysis of a multi-layered plate as a single layer plate, stress

resultants and stress couples are introduced and defined as follows:

[N, M,]= ZIU [Lzlgz  (i=1,2,6) (2.4)
0,01- (oo 29

k=1 z
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Where z,and z.; are the distances of top and bottom surfaces of the K™ ply
from the middle plane of the plate as shown in Fig. 2.2. The stress resultants and

stress couples are clearly shown in Fig. 2.5 and 2.6 respectively.
When integrating Eqn. (2.1) term by term across each ply, and summing over the

plate thickness, it will be converted to:

0

n Zk+l n Z/c+1 n Zk+l
z jaaldz+§ f606d2+§ j %5 4z =0
k=1 2, ox k=1 %, Oy k=1 2, Oz

M

Y

I
4
-
.
-
-
-
A -
RS ,." ’." M
L
s

_}:‘2,"‘-‘ ’
/s, 2
M

Fig. 2.6 Nomenclature for stress couples
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In order to introduce the stress resultants given in Eqgn. (2.4), summation can be

interchanged with differentiation in the first two terms.

Zk+1

%L J‘aldz}—{ J‘aadz}{zaf,} =0
The first and second bracketed terms, according to Eqgn. (2.4), are N; and N
receptively. The last term must vanish because between all plies the inter-laminar
shear stresses cancel each other out, and the top and bottom surfaces of the plate are
assumed shear stress free.
The first integrated equation of equilibrium can then be written in the following form:

ON, , N
ox Oy

=0 (2.6)

Similarly, Eqn. (2.2) and (2.3) can be integrated to give:

aévﬁ +%:o @2.7)
X

90 9 o (2.8)
ox Oy

where q—a(—hj—a(nj
U2) 2

The equations of moment equilibrium can be obtained by multiplying Eqn.(2.1) by z
and integrating with respect to z over plate thickness which vyields the following

equation:

ZI 9, mZ ZI 9% =0

When integration and summation are interchanged with differentiation and the stress

couples given in Egn. (2.4) are introduced, the first two terms become

(8221 +—ag/|yﬁj . The third term must be integrated by parts as follows: -
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4 k+1 Z k+1

Zk+l n
< 60-5 J‘ Z 1 J‘
dz = — d
Z j s zdz Z EEAZ J o

Zr

The first term on the right hand side of the above equation represents the moments of
all inter-lamina stresses between plies which again must cancel each other out. The
last term, according to Eqgn. (2.5), is — Q,. Hence the integrated moment equilibrium

equation is:

—Q,=0 (2.9)

When Eqn. (2.2) is treated similarly, it yields the following equation:

oM, oM
Ox oy

Hence, the equilibrium equations of the plate are the five equations, i.e. Eqns. (2.6) to
(2.10).

2_0,=0 (2.10)

2.1.3 The Strain-Displacement Equations

Fig.2.7 shows a small element ABCD in the Cartesian co-ordinates x, y which
deforms to A'B'C'D’ . The deformations can be described in terms of extensions of
lines and distortion of angles between lines. From Fig.2.7, it is possible to write

expressions for linear and shear strains as follows:

. z{[u+(8u/8x)dx]—u}=8_u

@.11)

dx ox
Similarly: & _o (2.12)
y
If 6 is very small, then,
0. =tanf = il
ox
0,=tané, = ou
oy

Hence, the shear strain which is the change in the right angle L BAD is:
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&=0,+0, :@+a—u
} ox Oy

For a three-dimensional problem, the following strains may be added:
ow

83—5

_ow, v
oy Oz
ow Ou
= — 4 —
ox Oz

&y

&5

The displacements, which comply with assumption (3), are: -
u=u’(x,y)+z@°(x,y)
v=V(x,y)+z%°(x,y)
w=w’(x,y)

Where u® ,v° and w° are the displacements of the middle surface of the plate.

When Eqgn. (2.17) is differentiated and substituted in Eqns (2.11 — 2.16), the

following strain displacement relations are obtained.

¥ A
u + g_u a}
¥
‘—}J, ) -
3V S rr
ov F3 i r
v+ Tﬂ}' ; |
G‘}. -D Ir C rr
»%" rrrr l|'r
ir J;
&-..‘: |
J‘l "
':fvl.l '.I :
] JJ
J‘ 271 _‘J F3
i Y 2 B/ .
ey - L-- ] - . )
“ ; ¥ X
M “ - u+ é_u &
8x
z X

Fig.2.7 Small deformation of an elastic element
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ov° oY
£, = +z——
oy oy
ou® ov° ob oY
Eg = + +z + (2.18)
oy ox oy ox
E, = ow +¥
oy
& = ow D
ox

2.1.4 The Constitutive Equations

The constitutive equations of an individual lamina, k, are of the form:

o) = cWg®) (i,j=126) (2.19)

i iy “j

(k)

(k) e :
Where O ~ and €j ~ are the stresses and strains in the lamina referred to the
plate axes .Using Eqn. (2.18) in the form ¢, =&’ +zx? (1 =1,2,6)

ou’ o OV° o ou’ ov°

, & , Eg +
Ox oy oy Ox

o OD e OW . OD oY
X1 = — = +

where g =

ox & oy Ko = E Ox
Then Eqn.(2.19) becomes:-
o; =G (‘9? +2x;3 ) (2.20)
Substitute Eqn. (2.20) in Egn. (2.4) to give:
nl “k+l

N, = Z jCy(gj -+ Z;(jo)dz (2.21)

i
k=1

Eqgn. (2.21) can be written in the form:-
N; = Aje +B;z  (i=126) (2.22)
Similarly using Eqgn. (2.20) in Eqgn. (2. 4) gives: -

Zk+1

Mi:ij‘cy(gj+z;(f)zdz (2.23)
k=1

Eqgn. (2.23) can be written in the form:
23



_p. 0 0 (i_
M; =Bjie+D;7 (i=1,26) (2.24)

Where A; B, and Dj ,(i, j=1, 2,3) are respectively the membrane rigidities,
coupling rigidities and flexural rigidities of the plate . The rigidities Bj display
coupling between transverse bending and in-plane stretching. The coupling will
disappear when the reference plane is taken as the plate mid-plane for symmetric

laminate . The rigidities are calculated as follows:-

Zka1

(Aij’Bz‘j’Dij):Z ’.‘Cij(l,z,zz)dz (2.25)
k=1 T,

Hence, the laminate constitutive equations can be represented in the form:

{Ni}:rﬁ B, )< .
M B; Dij_ ZT (2.26)

Q, A, A45_ &,
Q ) A As |l&s (2-27)

Where Aj (i,j =4,5) denote the stiffness coefficients , and are calculated as follows:-

Zr41

4, =D KK, J' CWdz, (i, j = 45) (2.28)
k=1 s

Where K; K;are the shear correction factors.
2.1.5 Boundary Conditions
The proper boundary conditions are those which are sufficient to guarantee a
unique solution of the governing equations. To achieve that goal, one term of each of
the following five pairs must be prescribed along the boundary.
N, oru, ;N ,oru,;M_ ordg ;M,org ;Qorw (2.29)
Where the subscripts n and s indicate the normal and tangential directions

respectively. The boundary conditions used in this thesis are given in Appendix C.

2.2 Nonlinear theory

2.2.1 Assumptions

The assumptions made in the nonlinear theory of laminated plates are the same
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as those listed for linear analysis, section 2.1.1, except for assumption (2), which is
concerned with the magnitude of deformations. In the nonlinear theory, in-plane
displacements are again small compared to the thickness of the plate, but the out-of-
plane displacement is not.

2.2.2 Equations of equilibrium

The derivation of the equilibrium equations for finite deformations can be

found in Refs. [3,6,7,8] and can be written in the following form:

0 ( 8uj ou ou 0 [ 8uj ou ou
—|oy|1l+— |+toy—+0;,— |+—| 0| 1+ — |+0,—+O0,—
ox ox oy oz | Oy ox oy Oz

+i 05(1+8_uj+048_u+638_u =0 (2.30)
Oz ox oy Oz

0 ov ov ov 0 ov ov ov

—| oy, —+0og| 1+ +0,— |+—| 0oy —+0,|1+ +o0,—

ox X Oz X Oz

+£ 0'5@+0'4 1+@ +0'3@ =0 (2.31)
Oz ox oy Oz

0 ow ow ( 8wj 0 ow ow ( Owj
—|oy—+o,—+o|1+— ||+—|o—+0,—+0,|1+—

ox ox )y Oz oy X oy Oz

+é 056_w+048_w+03(1+8_wj =0 (2.32)
Oz ox oy Oz

The equilibrium equations of a body undergoing large deformations are given
in Eqns. (2.30) — (2.32) .Assuming the in-plane displacement gradients are small
compared to unity and neglecting the transverse normal stresso,, Eqgns. (2.30) —
(2.32) can be written in a simpler form as follows:

oo, N 0oy 0oy

ox oy oz
00, + 9o, + 0o, =0 (2.34)
ox oy oz
0 ow ow| 0 ow ow| 0O ow ow
—|o,+0,—+o0y— |+—|o,+t0,—+0,— |+—|os—+0,—+0,|=0 (2.35)
OX OX oy | oy OX oy | oz OX oy

Integrating Eqgns. (2.33) and (2.34) over the thickness of the plate as in section 2.1.2
gives Eqgns. (2.6) and (2.7) as before. When Eqgn. (2.35) is integrated, it gives:-
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0 ow ow| 0 ow ow| 0 ow ow
&{Q1+Nl—+ NG—}+—[Q2+N6—+ Nz—}+§[ng+Qz—}+q=0 (2.36)

ox oy | oy ox oy oy
This can be rewritten in the following form:
Nlaz—\;erZN6 62W+N262\;V+6Ql+an + +8—W(%+M—SJ+8—W(6NG +8N—2J:0 (2.37)
X xey oyl ox oy axlax oy ) oyl ax oy

where q—a( hj o h
~(72) 772

However, similar to Eqns. (2.6) and (2.7), the last two terms in Eqn. (2.37) must be

zero, and so the above equation reduces to:

2 2 2
8W+2N6 aW+N28\;\/+8Ql+an+
oy° ox 0oy

ox? Xy
Multiplying Eqns. (2.33) and (2.34) by z and again integrating over the thickness of
the plate to obtain Eqgns. (2.9) and (2.10).
Hence, the governing equations of the plate are the following five Eqgns. (2.6), (2.7),
(2.38), (2.9), and (2.10). It should be noted that the shear deformation theory derived

above reduces to classical laminated theory when the transverse shear strains are

N, q=0 (2.38)

eliminated by setting:
¢:—%N ,and l//:—%lv

2.2.3 Strain-Displacement Equations:

The in-plane displacements u and v are small, whereas the deflection w is of

the order of half the plate thickness or more. This assumption implies that:

(2.39)

a(x,y)

Consequently, the expressions for finite strains can be simplified as follows:-
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g_a_”+1(
N )

jZ
ov 1
82 =a—+—
y 2

JZ
g,=0

_@Jr@ (2.40)
oy oz

oW ou
= — 4+ —

oX 0z

oV ou Ow ow

oXx oy OXx oy

2z 2[2

&y
&y
&g

The in-plane displacements are again assumed to vary linearly through the thickness
of the plate as described for linear analysis i.e.:-

u=u’(x,y)+z¢°(x.y)
v=V2(x,y)+zy°(xy) (2.41)
w=w(x,y)

When these displacements are substituted into Eqn. (2.40), the following relations are
obtained:-

g =& +zx' (i = 1,2,6)
OW
& = n 2.42
4 oy "4 ( )
oW
= — +
5 = o &
. ou’ 1w\
where & = 3 2\ o
X

g = ——
oy Ox Ox Oy
o _ 99
2 Cox
o_ Oy
X2 =
oy
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Yo "oy T ox
ou® 1(aw\’ o4
& = +=|—| +z=
ox 2\ 0ox OX
e 1few) oy
£, = +=|—| +z2—+
oy 2\oy oy

J o ow @H(%ﬁ_‘”j

Ty Tox ox oy Loy ox (2:43)
g4=5+l//
ow
=+
Es o ¢

2.2.4 Constitutive Equations
These are the same as Eqns. (2.26), and (2.27) of sections 2.1.4.
2.2.5 Boundary Conditions

These are the same as Eqgn. (2.29) of sections 2.1.5.
2.3 Transformation Equations

2.3.1 Stress-Strain Equations

For linear elastic materials, the relation between the stress and strain is as
follows:

o =Cie; (,j=1.2,..6)

(2.44)
Where the first subscript i refers to the direction of the normal to the face on which
the stress component acts, and the second subscript j corresponds to the direction of
the stress.

When an orthotropic body is in a state of plane stress, the non-zero components
of the stiffness tensors C';; are:
El

1-vvy

4 —
Cll -

Cl - v, B, v,
12 =

1-vipvy l-vpvy,
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E2

1-v,vy

4 —
C22 -

Cz,m = st’ Cés = GlS’ Cf,iG = G12 (2-45)
Where E; and E; are Young's moduli in directions 1 and 2 respectively. v, is

Poisson's ratio of transverse strain in the j-direction when stressed in the i-direction

i.e. v, =—¢} /& When o/ =c and all other stress are zero.

2.3.2 Transformation of Stresses and Strains
Consider a co-ordinate system rotated anticlockwise through an angle 6, the
rotated axes are denoted by 1/, 2 as in Fig.2.8. Consider the equilibrium of the small
element ABC shown. Resolving forces parallel to 1’ axis gives:
0,,0s = o,,dycos & + o,,dxsin & + o,,dx cos 6 + o,dy sin & (2.46)
On rearranging, the expression reduces to:
o], = 0,,008% 0+ 0, sin* 6+ 20, sin@cos & + o,dy sind (2.47)
Resolving forces parallel to 2’ axis gives:
o,,ds = —o,,dy sind + o,,dx cos 8 + o;,dy cos 6 — o,,dx Sin & (2.48)
This can then be written in the form:

o], =—0,,SiNOC0s O + o, SiNACos O + alz(cos2 0 —sin’ 6) (2.49)

o

Fig.2.8 Stresses on a triangular element
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The same procedure is applied to obtain the other transformed stresses which may be

written in a matrix form as:

{oi}=[MJo} (2.50)
‘'m?> n2 0 0 O omn |
n> m> 0 0 0 -2mn
Where ]| © 0 10 0 0
0 0 0 m —-n 0
0 0 0 n m 0
-mn mn 0 0 0 (m?-n?)]
The strains are transformed similarly:
e} =[NTe; | 2.51)
[ m? n> 0 0 O mn |
n? m> 0 0 O —mn
Where [N]= 0 0 100 0
0 0 0 m -—-n 0
0 0O 0 n m 0
-2mn 2mn 0 0 O (m2 - nz)_

2.3.3 Transformation of the Elastic Moduli

In general the principle material axes (1, 2/, 3') are not aligned with the
geometric axes (1, 2, 3) as shown in Fig.2.9 for a unidirectional continuous fiber

composite. It is necessary to be able to relate the stresses and strains in both co-

ordinate systems. This is achieved by multiplying Eqn. (2.50) by [M]" i.e.:

[

)

“Ix

|

Fig.2.9 A generally orthotropic plate
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foi}=[M]Hot) (2.52)
Substitute Eqgn. (2.44) in Eqn. (2.52) to obtain:

o) =mT"[ci Jer (2.53)
Then, substitute Eqgn. (2.51) in Egn. (2.53)

o} =IMI[c;IINHe, § (2.54)
This equation can be written as:

if=lci) (2.55)

Where c, }- 1" [N][c;
Eqgn. (2.55) gives the constitutive equation for a generally orthotropic lamina in

which the material axes and geometric axes are not aligned. The constants C;; are as

follows:

C,, =Clm* +2m°n?(C/, + 2C}g ) — 4mn(C/;m? + CLen? )+ Cj,n*
C,, =m2n?(C}, + C}, —4CL )+ 2mn(m? —n? Cls + Cle )+ (m* +n* ),

Cis= C1'3m2 +C;3n2

Cys =M?n?|Cm? —C},n? —(C}, + 2CLs m? —n? )|+ m?(m? —3n? )C [, +n?(3m? —n? ).,
C,, = Clin* +2m?n?(C}, +2CJ, )+ 4mn(CLem? + C/gn? )+ Cj,m"*

Co= C1,3n2 +Cé3m2

C,s =M?(m? —3n2 [l +mn|CLn? — Cl,m? +(C, +2C m? —n? )|+ n?(3m? —n?)C,
Cs3=Css

Cy = (Cés - C1’3)mn

C,, =C,,m* +2mnC}, +C/.n’

Cis = (m2 - nzkfts - mn(C:M _Cés)

C.; =C/;m* —2mnC}, +C},n?

Ces =M?n2(C}, +C}, —2CL,)—2mn(m? —n2{Cp, —C/g )+ (m? —n2 f'Cy,
Ca=Ci=Cy=Cp=C5 =C35=Cs=C5, =0 (2.56)

Where m=cosf# and n=sind
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CHAPTER (3)

Numerical Technique

In the present work, finite differences coupled with dynamic relaxation (DR)
Method, which is a numerical technique, is used. The DR method was first proposed
and developed in 1960, see Refs. [13], [52], and [53]. In this method, the equations of
equilibrium are converted to dynamic equations by adding damping and inertia terms.
These are then expressed in finite difference form and the solution is obtained by an

iterative procedure as explained below.

3.1 Dynamic Relaxation (DR) Formulation:

The DR formulae begin with the dynamic equation, which can be written as:

o%u |, au
f=plt M 3.1
P p (3.1)

Where f is a function of the stress resultants and couples, u is referred to as a

displacement, 5%t and 9°u/ , are the velocity and acceleration respectively, pand k

a,tZ
are the inertia and damping coefficients respectively, and t is time.

If the velocities before and after a period Atat an arbitrary node in the finite

difference mesh are denoted by {auat}n,l and {a%t}n respectively, then using finite

differences in time, and specifying the value of the function at (n_gj, it is possible
2

to write equation (3.1) in the following form:

5188 1

{5%}niis the velocity at the middle of the time increment, which can be
2

approximated by the mean of the velocities before and after the time increment At ,

l.e.
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(@ -3l -3 ]

Hence equation (3.2) can be expressed as:

R e

Equation (3.3) can then be arranged to give the velocity after the time interval, At :

{gt—”}n =1+ k*){% fn; +(1—k*){%“}nj (3.4)

KAt
2p
The displacement at the middle of the next time increment can be determined by

Where k™ =

integrating the velocity, so that:
u,=u, +{—} At (3.5

The formulation is completed by computing the stress resultants and stress
couples from the known displacement field. The iterative procedure begins at time
t=0 with all initial values of the velocities, displacements, and stresses equal to zero
or any suitable values. In the first iteration, the velocities are obtained from equation
(3.4), and the displacements from equation (3.5). After the satisfaction of the
displacement boundary conditions, the stress resultants and stress couples are
computed and the appropriate boundary conditions for stresses are applied.
Subsequent iterations follow the same steps. The iterations continue until the desired

accuracy is achieved.

3.2 The Plate Equations

3.2.1 Dimensional Plate Equations

The equations concerning the analysis of plates in bending (i.e. Egns. (2.6),
(2.7), (2.9) ,(2.10), and (2.38) are derived in chapter 2.
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3.2.2 Non-Dimensional Plate Equations

The plate equations can be written in non-dimensionalized form as follows:

1 h w
,l ’!b,=_ ’ 1bl h,=_=1| = —
vy b= =[xy, b] S=lowi= o

' v] = (h—ju Wwl=( 2o
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[ }Q (=124 _[EzhAJq

Substituting Eqn. (3.6) into Egns. (2.6),(2.7),(2.9),(2.10), (2.38) the non-

dimensionalized dynamic plate equations are obtained.
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In the following equations, the primes are omitted:
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The next step is to transform the differential equations into finite difference equations.
3.3 The Finite Difference Approximation

3.3.1 Interpolating Function F (x, y)
It can be shown by using Taylor's series that the first and second derivatives of

34



a function F(x, y) at an arbitrary node i, j shown in figure (3.1) can be written as

follows:

%(i,j)zi[wﬂ, N-Fi-1,j)] (3.12)

)= FG+1)) - 2F () + FG -1 )) G.13)

g):é;(i,j):m[F(Hl]+1)+F(z+1] - F(i-1 j+1)+F(-1,j-1)] (3.14)
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3.1 Finite difference mesh for an interpolating function F(x,y) with two

independent variables x,y

Also oF(i, j)/oy And 8°F(i, j)/oy* can be obtained similarly.

3.4 Finite Difference form of Plate Equations

3.4.1 Velocity Equations
According to equation (3.4) and from the equations of motion of the plate, i.e.

Eqgns. (3.7)—(3.11) , the velocities are determined as follows :-

du ,. . du .. . At .

=) LK) ) 619
D) =(+£)7 - k)dv( J)+ Al F (i j)_ (3.16)
dt vJ)n dt n-1 pv(i,j) v | :
aw ,. . dw,. . ..

Z(llj)n:(l_'_k ) |:(1 k )dt( ])n—l+pw?l.l:j)Fvw(l’.]):| (317)
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* K, At
Where k, =——— and f is denoted by u, v, w,% ory
2pf(|’ J)

In Egns. (3.15) — (3.19), F,(i,)) , Fx(i,)), Fs(i,)), F4(i,)) and Fs(i,j) are the finite
difference approximations of the terms on the left hand side of the dynamic Eqgns.
(3.7)—(3.11), i.e.

Fu(, /)=$[/\1(1+1, ))-NMNG-1, ]+$[/\46(/, J+1)=A G, y-1)]

£ D= N1 )= A1 Db TG 1) s 1)
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h
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3.4.2 Displacement Equations:
The displacements are obtained using the velocities that are explained in Eqns.
(3.15) to (3.19) as follows:

P i)yt = 100, 2+ (0 ), At (3.21)
2 2 d
Where « can be denoted by u, v, w, %" or v .
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3.4.3 Stress Resultants and Couples Equations:

The finite difference approximations of the stress resultants and stress couples

can be obtained using Eqns. (2.26) and (2.27) in chapter 2 as stated below

Nl(iaj):Allglo(i’j)+Alzgg(ivj)+A1egg(i’j)+B11Zf(i’j)+Blzlg(i’j)+3167(g(i’j) (3.22)
Nz(i’j):Alzgo(i’j)"‘Azzgg(i’j)"‘Azagg(ivj)"'Blzllo(i’j)"'Bzzlg(ivj)"'BzeZg(i’j) (3.23)
Ng(i, j) = A8, (l]+Azegg(i’j)+Asegg(ivj)"‘Blleo(i’j)"'Bzelg(ivj)"'BGsZg(ivj) (3.24)

M, (i, j) = B,,&, (l J)+B 25§(i’j)+3 Ggg(i’j)+D117(10(i’j)+Dlzlg(i’j)+Dlezg(i'j) (3.25)

)
)

M, J) = Byl i, )+ Boges iy )+ Boetg i )+ Diortl (i )+ Daots iy )+ Do (i1 /) (3.26)
M (i, j) = Bugsy (i, /) + Boss iy )+ Bogse iy )+ Dyoti (i )+ Dot (i )+ Des e () (3:27)
0,0, j)= Ays i, )+ A2 (i ) (3.28)
0, )= Auei i, j)+ A i, ) (3.29)

3.4.4 Estimation of the Fictitious Variables:

To compute the derivatives of displacements, stress resultants and stress
couples at the boundaries of a plate, fictitious nodes are considered by extending the
finite difference mesh beyond the boundaries as shown in Fig.3.2. The values of the
variables at the fictitious nodes are known as fictitious values. The fictitious values
are estimated in order to eliminate the third derivative of the interpolating function,
which is quadratic as explained in section 3.3.1.

Referring to Fig.3.3, the fictitious values at the points defined by (1,j) can be obtained
by extrapolation as follows :
f@j)=31(2.7)-3/(3.j)+ f(4.)) (3.30)

Where f in Egn. (3.34) can be replaced by u, v, w, ¢, and .
3.5 The DR Iterative Procedure

In the DR technique, explained in the previous sections of this chapter, the
static equations of the plate have been converted to dynamic equations i.e. Egns. (3.7)

—(3.11). Then the inertia and damping terms are added to all of these equations. The
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[] Fictiious node

Fig.3.2 Fictitious nodes outside the plate boundaries

iterations of the DR technique can then be carried out in following procedures:
1. Set all initial values of variables to zero.
2. Compute the velocities from Egns. (3.15)— (3.19).
3. Compute the displacements from Egn. (3.21).
4. Apply suitable boundary conditions for the displacements.
5. Compute the stress resultants and stress couples from Eqns. (3.22) to (3.29).
6. Apply the appropriate boundary conditions for the stress resultants and stress
couples.
7. Check if the convergence criterion is satisfied, if it is not repeat the steps
From 2 to 6.
It is obvious that this method requires five fictitious densities and a similar number

of damping coefficients so as the solution will be converged correctly.

3.6 Fictitious Densities:-

The computation of the fictitious densities based on the Gershgorin upper
bound of the stiffness matrix of a plate is discussed in Ref.[52] . The fictitious
densities vary from point to point over the plate as well as for each iteration, so as to
improve the convergence of the numerical computations. The corresponding

expressions for the computations of the fictitious densities are given in Appendix (D).
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3.7 Remarks on the Dynamic Relaxation (DR) Technique

The DR program is designed for the analysis of rectangular plates irrespective
of material, geometry, edge conditions. The functions of the program are as follows:
read the data file; compute the stiffness of the laminate, the fictitious densities, the
velocities and displacements and the mid-plane deflections and stresses; check the
stability of the numerical computations, the convergence of the solution, and the
wrong convergence; compute through-thickness stresses in direction of plate axes;
and transform through-thickness stresses in the lamina principal axes.

The convergence of the DR solution is checked, at the end of each iteration, by
comparing the velocities over the plate domain with a predetermined value which
ranges between 10” for small deflection and 10 for large deflection. When all
velocities are smaller than the predetermined value, the solution is deemed converged
and consequently the iterative procedure is terminated. Sometimes DR solution
converges to invalid solution. To check for that the profile of variable is compared
with the expected profile over the domain. For example when the value of the
function on the boundaries is zero, and it is expected to increase from edge to center,
then the solution should follow a similar profile. And when the computed profile is
different from that expected, the solution is considered incorrect and can hardly be
made to converge to the correct answer by altering the damping coefficients and time
increment. Therefore, the boundary conditions should be examined and corrected if
they are improper.

Time increment is a very important factor for speeding convergence and
controlling numerical computations. When the increment is too small, the
convergence becomes tediously slow; and when it is too large, the solution becomes
unstable. The proper time increment in the present study it is taken as 0.8 for all
boundary conditions.

The optimum damping coefficient is that which produces critical motion.
When the damping coefficients are large, the motion is over damped and the

convergence becomes very slow. And when the coefficients are small, the motion is
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under damped and can cause numerical instability. Therefore, the damping
coefficients must be selected carefully to eliminate under damping and over damping.

The errors inherent in the DR technique include the discretization error which
Is due to the replacement of a continuous function with a discrete function, and an
additional error because the discrete equations are not solved exactly due to the
variations of the velocities from the edge of the plate to the center. Finer meshes
reduce the discretization error, but increase the round-off error due to the large
number of calculations involved. The last type of error is relative to the rank of the

interpolating function employed i.e. quadratic, cubic, etc...
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CHAPTER (4)

Validation of the Dynamic Relaxation (DR) Program

The present DR results are compared with similar results generated by DR
and/or alternative techniques including approximate analytical and exact solutions so
as to validate the DR program. In the following discussion a wide spectrum of elastic
comparison results of small and large deflections are dealt with including isotropic,

orthotropic, and laminated plates subjected to static uniformly distributed loading.
4.1 Small Deflection Comparisons

Table A.1 (Appendix A) shows the variations in the center deflection of a
moderately thick isotropic plate (h/a =0.1) with simply supported (SS5) conditions
(see Appendix C) as the mesh size is progressively reduced. These results suggest
that a 5x5 mesh over one quarter of the plate is adequate for the present work (i.e.
less than 0.3% difference compared to the finest mesh result available). In Table A.2
comparisons of the DR deflections and stresses with Turvey and Osman [6] and
Reddy [46] are presented for a uniformly loaded square and rectangular plates of thin
(i.e. h/a=0.07), moderately thick (i.e. h/a=0.1), and thick laminates (i.e. h/a=0.2) with
simply supported (SS5) conditions. In this analysis, the results provided are in good
agreement with each other. Another comparison analysis for small deformation of
thin and moderately thick Square simply supported isotropic plate (SS5) between the
present DR, and Roufaeil [31] is shown in Table A.3. Again, these results provide
further confirmation that a DR analysis based on a 5x5 quarter-plate mesh produces
results of acceptable accuracy.

In the following analyses, several orthotropic materials were employed, and their
properties are given in Table 4.1 below. Exact FSDT solutions are available for plates

simply supported on all four edges (SS3).
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Table 4.1 Material properties used in the orthotropic plate comparison analysis

SCF

(k2 =k2)
1 25.0 0.5 0.5 0.2 0.25 5/6

I1 1.904 | 0.558 | 0.339 | 0.566 | 0.44 5/6
I 3.0 0.5 0.5 0.5 | 0.25 5/6
v 2.34510.289 1 0.289 ] 0.289 | 0.32 5/6

Material | E,/E, | G,/IE, | G5/E, | GolE; Vi

By imposing only a small load on the plate, the DR program may be made to simulate
these small deflection solutions. In Table A.4, the computations were made for
uniform loads and for thickness/side ratio ranges between 0.2 to 0.01 of square simply
supported in-plane free plates made of material I with (g =1) .In this case the center
deflections of the present DR results are close to those of Turvey and Osman [7], and
Reddy [46]. Another small deflection analysis comparison on Table A.5 was made
for uniformly loaded plates with simply supported in-plane fixed (SS5) square and
rectangular plates made of material IT and subjected to uniform loading (g =1). In this
instance the four sources of results agree on the central deflection, and the center
stresses at upper and /or lower surface of the plate and corner mid-plane stresses.
However the analytical solution of Srinivas and Rao [11] is not in good agreement
with the others as far as stresses are concerned. These differences may be attributed
to the different theory adopted in the analytical solution results of Ref. [11].

Most of the published literature on laminated plates are devoted to linear analysis and
in particular to the development of higher-order shear deformation theories.
Comparatively, there are few studies on the nonlinear behavior of laminated plates
and even fewer are those, which include shear deformation. The elastic properties of
the materials used in the analyses are given in Table 4.2 below. The shear correction

factors are k,> =ks*> =5/6, unless otherwise stated.
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Table 4.2 Material properties used in the laminated plate comparison analysis

SCF
(k2 =k2)
I 25.0 0.5 0.5 0.2 0.25 5/6
V 40.0 0.5 0.5 0.5 0.25 5/6

Material E[/Ez Gz/E; G13/E2 Ggg/Eg V12

VI 14.3 0.5 0.5 0.5 0.3 5/6
\1 12.308 | 0.526 | 0.526 | 0.335 | 0.24 5/6
VI 150 1043 |[043 |0.358]0.3 5/6

In Table A.6 which shows a comparison between the present DR, and finite
element results Ref. [22] for a simply supported (SS4) four anti symmetric angle-ply
plates made of material V and subjected to a small uniform load (g=1.0 ), the center
deflections and stresses are recorded for different thickness ratios including thick,
moderately thick and thin laminates which are compared with Reddy’s finite element
results [22]. There is a good agreement between the two sets of results in spite of the
different theory adopted in latter case.

Another comparison analysis of central deflections between the present DR
and Zenkour et al [29] using third order shear deformation theory with the help of the
small parameter method and the results of Librescu and Khdeir [57] are illustrated in
Table A.7. The three results showed a good agreement especially as the thickness
ratio decreases.

4.2 Large Deflection Comparisons

Table A.8 shows deflections, stress resultants and stress couples in simply
supported in-plane free (SS3) isotropic plate. The present results have been computed
with 6x6 uniform meshes. These results are in a fairly good agreement with those of
Aalami et al [12] using finite difference analysis (i.e. for deflections, the difference
ranges between 0.35% at J =20.8 and 0 % as the pressure is increased to 97). A similar

comparison between the two results is shown in Table A.9 for simply supported
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(SS4) conditions. It is apparent that the center deflections, stress couples, and stress
resultants agree very well. The mid-side stress resultants do not show similar
agreement whilst the corner stress resultants show considerable differences. This may
be attributed to the type of mesh used in each analysis.

Table A.10 shows comparison between the present analysis and Aalami et al
[12] for clamped (CC2) edge conditions. Again, it is clear that the center deflections
and stress resultants and /or couples agree reasonably well, though for the edge stress
couples it is rather less good. This latter observation may, possibly, be explained by
the fact that in the present analysis the mesh employed is uniform, whereas it is
graded in Ref. [12] giving finer mesh spacing at the plate edges. Table A.11 shows
deflections, stress resultants and stress couples for clamped in-plane fixed (CC3)
edge conditions. It can be seen that the agreement between the present results and
Aalami and Chapman [12] is fairly good except for the mid-side and, more
particularly, the corner stress resultants. A similar set of results for the clamped in-
plane free (CC1) case are given in Table A.12. In this case the present center values
for deflections, stress couples and the mid-side couples approach are close to those of
Ref. [12], whereas the central and mid-side stress resultants differ considerably from
those of Ref. [12].

The final set of thin plate results comparisons presented here are with Rushton
[13], who employed the DR method coupled with finite differences. The present
results for simply supported (SS5) square plates were computed for two thickness
ratios using an 8x8 uniform mesh and are listed in Table A.13. In this instant, the
present results differ slightly from those found in Ref. [13]. A similar comparison for
plates with clamped edges (CC5) is shown in Table A.14. In this case it is observed
that the center deflection; and the stress at the upper and /or lower side of the plate
are slightly different compared to those of Ref. [13] as the load applied is increased.
Also, the mid- side stress at the upper and/ or lower side of the plate shows a

considerable difference compared to Ref. [13] with the increase of the applied load.
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These significant differences may be attributed to the less well-converged solution of
the latter.

Another comparison for simply-supported (SS5) square isotropic plates
subjected to uniformly distributed loads are shown in Tables A.15 and A.16
respectively for large deflection analysis of thin and moderately thick plates . In this
comparison, it is noted that, the center deflections of the present DR analysis, and
those of Azizian and Dawe [16] who employed the finite strip method are fairly good
(i.e. with a maximum error not exceeding 0.09%).

There are two large deflection comparisons for orthotropic plates were made
with the same DR program. In the first case, the DR center deflections of a thin
square plate made of material III with clamped in-plane fixed edges (CC5) and
subjected to a uniform load were compared with DR results of Turvey and Osman [7]
and Chia’s [58] . The comparison is shown in Table A.17. The three sets of results
show a good agreement for lower and intermediate loads, but they differ slightly as
the load is increased further. These differences are due to the employment of the
classical laminated plate theory (CLPT) in the analytical solution of Chia’s values,
which is less accurate than FSDT.

In the second case the present DR results are compared with DR Ref. [7],
Reddy’s [59], and Zaghloul et al results [42]. For a thin uniformly loaded square plate
made of material IV and with simply supported in-plane free (SS3) edges. The center
deflections are presented in Table A.18 where the DR showed a good agreement with
the other three.

The small and large deflection analyses confirm the accuracy and versatility of
the DR program based on FSDT.

In Table A.19, comparisons are made with Chia’s perturbation results based on
the Von Karman plate theory [60] for 4 and 2-layer antisymmetric angle-ply clamped
(CC1) plates made of material V and subjected to uniform load for thickness/length
ratio equivalent to 0.02 .For a 4-layer laminate the present DR center deflections are

slightly higher than Chia’s results. Whereas, the contrary applies to the 2-laminate
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results. These changes are partially due to the different plate theories used in the
present analysis and Chia’s results and partially due to the approximation of Chia’s
values as it is taken from a graph.

Putcha and Reddy [10] presented finite element results for symmetric and anti-
symmetric square moderately thick plates (h/a =0.1). These results are compared with
the present DR results in Tables A.20 and A.21. Table A.20 shows a comparison of
the center deflections for a laminated plate [0°/45°/-45°/90° ] with clamped (CC5)
edges. It is observed that the present DR results are slightly higher than that of Ref.
[10]. Whereas in Table A.21, comparisons are made between the present DR, and
finite element results Ref. [10] for the center deflection of a 2 and 8-layer
antisymmetric angles-ply laminates made of material 1. The plates are square,
clamped (CC5), thick, and uniformly loaded. For a 2-layer laminate the present DR
results differ greatly from those of Ref. [10]. Whereas, for 8-layer laminate, the
present results differ slightly from those of Ref. [10].

Another analysis of thin large deflection plates was made by recomputing Sun
and Chin’s results [12] for [ 90,°/0,°] using the DR program and material VI. The
results were obtained for one quarter of a plate using a 5x5 rectangular mesh, with
shear correction factors k,* = ks*=5/6. The analysis was made for different boundary
conditions and the results were shown in Tables A.22, A.23, A.24, and A.25 as
follows: the present DR deflections of the two-layer antisymmetric cross-ply simply
supported in-plane fixed (SS5) are compared with DR results of Turvey and Osman
[8] and with Sun and Chin’s values for a range of loads as shown in Table A.22. The
good agreement found confirms that for simply supported (SS5) edge conditions, the
deflection depends on the direction of the applied load or the arrangement of the
layers. Table A.23 shows a comparison between the present DR, and DR Ref. [8]
results, which are approximately identical. The difference between the center
deflection of the laminates [0°90°] and [90°%0°] at b/a =5 is 0.3 % whilst it is 0% when
b/a =1. Also Tables A.24 and A.25 give central deflections, which are in good
agreement with the DR results Ref. [8]. In Table A.26 which shows a comparison
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between the present DR, Kolli and Chandrashekhara finite element method [28] large
deformation results for simply supported (SS5) four-layer symmetric rectangular
laminates of cross-ply [0°/90° /90°/0°] and angle-ply [45°/-45°/-45°/45°] orientations of
material VIII subjected to uniform pressure (g=11.432) .The center deflections are
completely identical for cross-ply laminates and differ slightly for angle-ply
laminates. The comparisons made between DR and alternative techniques show a
good agreement and hence the present DR large deflection program using uniform
finite differences meshes can be employed with confidence in the analysis of
moderately thick and thin flat isotropic, orthotropic or laminated plates under uniform
loads. The program can be used with the same confidence to generate small

deflection results.
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CHAPTER (5)

Generation of New Numerical Results

With confidence in the DR program proved through the various verification
exercises undertaken, it was decided to undertake some study cases and generate new
results for uniformly loaded laminated rectangular plates. The plates were assumed to
be either simply supported or clamped on all edges.

The effects of transverse shear deformation, material anisotropy, orientation,
and coupling between stretching and bending on the deflections of laminated plates
are investigated.

The material chosen has the following properties:

E, =137.9kN/mm? ,E, =9.653kN/mm? ,G,, = 4.8265kN/mm? ,v,, =0.3. It is
assumed that G, = G;; =G,;.
5.1 Effect of Load

The variations of the center deflections, w. with load, g for thin (h/a = 0.02)

and thick (h/a=0.2) isotropic plates of simply supported in-plane fixed (SS5)
condition are given in Table A.27, and Fig. B.1. It is observed that, the center
deflections of thin and thick plates increase with the applied load, and that the
deflections of thick plates are greater than those of thin plates under the same loading
conditions. The difference in linear deflection is due to shear deformation effects
which are significant in thick plates. Whereas, the non-linear deflection of thin and
thick plates, which are nearly coincident, implies that the shear deformation effect
vanishes as the load is increased.
5.2 Effect of Length to Thickness Ratio

Table A.28 and Fig.B.2 contain numerical results and plots of center
deflection versus length to thickness ratio of anti-symmetric cross-ply [0°/90°/0°/90°]
and angle-ply [45°-45°/45%-45°] square plates under uniform lateral load (g=1.0) for
two boundary conditions (i.e. simply supported (SS1) and clamped (CC1)). The
maximum percentage difference in deflections for a range of length / thickness ratio
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between 10 and 100, fluctuates between 35% for simply supported (SS1) cross-ply
laminate and 73.3% for angle-ply laminate as the length/thickness ratio increases to a
value of a/h = 40.0, and then become fairly constant. It is evident that shear
deformation effect is significant for a/h < 40.0. It is obvious that shear deformation
reduces as the length/thickness ratio increases. The orientation effect is clearly
noticeable when the plate is simply supported while it is not apparent when the plate
is clamped.

As shown in Table A.29 and Fig.B.3, the maximum percentage difference in
deflection (g =200.0) for a range of length/ thickness ratio between 10 and 100
fluctuates between 6.36% for simply supported (SS1) cross-ply laminate and 38.7%
for clamped (CC1) angle-ply laminate. This means that the center deflections become
independent on the length/thickness ratio as the load gets larger.

5.3 Effect of Number of Layers

Fig.B.4 shows a plot of the maximum deflection of a simply supported (SS5)
anti-symmetric cross-ply [(0°90°%),] (n=1,2,3,4,8) square plates under uniformly
distributed load of a moderately thick plate (h/a=0.1). The numerical results are given
in Table A.30. Two, four, six, eight, and sixteen-layer laminates are considered. The
results show that as the number of layers increases, the plate becomes stiffer and the
deflection becomes smaller. This is mainly due to the existence of coupling between
bending and stretching which generally increases the stiffness of the plate as the
number of layers is increased. When the number of layers exceeds 8, the deflection
becomes independent on the number of layers. This is because the effect of coupling
between bending and stretching does not change as the number of layers increases
beyond 8 layers.

In Table A.31 and Fig. B.5, the deflection of simply supported (SS5) angle-ply
plates [(45°/-45°),] is given. Similar features can be noted as in the case of cross-ply

plates [(0°/90°),] mentioned above.
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5.4 Effect of Material Anisotropy

According to Whitney and Pagano [44], the severity of shear deformation
effects depends on the material anisotropy, E,/E, of the layers.

The exact maximum deflections of clamped (CC5) four-layer symmetric cross-
ply [0°90°90°0°] and angle-ply [45°-45%-45°45°] laminates are compared in Table
A.32 and Fig.B.6 for various degrees of anisotropy. It is observed that, when the
degree of anisotropy is small the deflection is large. As the degree of the anisotropy
increases, the plate becomes stiffer. This may be attributed to the shear deformation
effects which increase as the material anisotropy is decreased. When the degree of
anisotropy becomes greater than 40.0, the deflection becomes approximately
independent on the degree of anisotropy. This is due to the diminishing of the shear
deformation effects and the dominance of bending effects.

The results in Table A.33 and the plot in Fig. B.7 is for simply supported (SS5)
laminates which follow a similar behavior but the deflections are relatively smaller.
The apparent difference between the non-linear deflections of both clamped (CC5)
and simply supported (SS5) symmetric laminates, as shown in Figs. B.6 and B.7 may
be attributed to the different boundary conditions used in each case which either

permits edge rotation or prohibits it.
5.5 Effect of Fiber Orientation

The variation of the maximum deflection, w_ with fiber orientation of a square
laminated plate is shown in Table A.34 and Fig.B.8 forg=120.0, and h/a = 0.1. Four
simply supported boundary conditions SS2, SS3, SS4 and SS5 are considered in this
case. The non-linear curves SS2 and SS3 conditions show minimum deflection at 6 =
45° . However, this trend is different for a plate under SS4 and SS5 conditions in
which the non-linear deflection increases with 6. This is due to the in-plane fixed
edges in the latter case. Also, the non-linear curves for clamped boundary conditions
CC1, CC3, CC4 and CC5 as shown in Table A.35 and Fig.B.9 indicate the same
trend as in the simply supported SS4 and SS5. These differences indicate that the type
of end support is a determinant factor in the deflections for different orientations.
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Another set of results showing the variation of center deflections, w_with

Load, g for a range of orientations is given in Tables A.36 and A.37, and Fig. B.10
and B.11.Table A.36 and Fig. B.10 show the variations in the center deflection of
thick laminates (h/a=0.2) with load ranges between §=20.0 and @ =200.0 for a
simply supported (SS4), 4 — layer anti-symmetric square plate of orientation [
0°/-6°/0°/-0°]. It is noticed from Fig. B.10 that the deflection of thick laminates
increases with the applied load as the angle of orientation is decreased (i.e. from 45°
to 0°) to a point where 60<q <70 and then increases as the angle of orientation is
increased beyond that point. This results in the inflection of the deflection curves at a
point where60<q <70. This behavior is caused by coupling between bending and
stretching which arises as the angle of orientation increases.
Similar behavior is exhibited by thick anti-symmetric clamped (CC3) laminates as
shown in Table A.37 and Fig. B.11 but with a low response due to the different
boundary conditions used in each case.
5.6 Effect of Reversing Lamination Order

The DR deflections of two-layer anti-symmetric cross-ply [0°%90°] simply
supported in-plane fixed (SS5) rectangular laminates are given in Table A.38 and

plotted in Fig. B.12. the deflection of the plate with coupling stiffness (Bij =0) is also

shown for the sake of comparison. The percentage difference between the center
deflections w,[0°/90°] and W,[90°/0°] at §=20.0 is 146.5%.whilst wheng =200.0, it is
54.1%. It is obvious that the deflection depends on the direction of the applied load or

the arrangement of the layers. The coupling stiffness (Bij =0) serves as the limit

between positive and negative coupling. For a positive coupling, the deflection
increases as the magnitude of coupling increases. In other words, the apparent
laminate bending stiffness decreases as the bending — extension coupling increases.
Whereas, negative coupling is seen to stiffen the laminate. This contradicts the
common notion that the bending — extension coupling lowers the laminate bending

stiffness.
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In a similar analysis, the deflection of an anti-symmetric angle-ply
W [45°/-45°] and W,[-45°/45°] simply supported in-plane fixed (SS5) laminates are
shown in Table A.39 and Fig. B.13. There is no difference in deflection between
[45° /-45°] and [-45°/45°] as in the case of [0°/90°] and[90°/0°]. This comparison
with laminate (B, =0) indicates that coupling between bending and twisting always

lowers the laminate bending stiffness of angle-ply laminates.
5.7 Effect of Aspect Ratio

Table A.40 and correspondingly Fig.B.14 show the variations in the maximum
deflection of a two-layer anti-symmetric cross-ply and angle-ply [45° /—45°] simply
supported in-plane fixed (SS5) rectangular laminate under uniform load and with
different aspect ratios (g=200.0, and h/a =0.1). It is noticeable that, when the aspect
ratio is small the deflection is small, and as the aspect ratio increases further beyond
2.0, the deflection becomes independent on the aspect ratio. This is due to coupling
between bending and stretching which becomes fairly constant beyond b/a=2.0 and
therefore the plate behaves as a beam.
5.8 Effect of Boundary Conditions

The type of boundary support is an important factor in determining the
deflections of a plate along with other factors such as the applied load, the length /
thickness ratio, the fiber orientation, etc.

Three sets of boundary conditions ranging between extreme in-plane fixed to
in-plane free of an isotropic plate were considered and the results are given in Table

A.41 and shown graphically in Fig. B.15. the variations of center deflection, w_ with
load, g for thin (h/a =0.02) isotropic simply supported (SS1) and (SS5) and clamped

(CC5) plates are given. It is observed that, for all cases the deflections increase with
the load but at different rates depending on whether the plate is simply supported in-
plane free or clamped. The deflection is a maximum when the plate is simply

supported in-plane free and a minimum when the plate is clamped.
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5.9 Effect of Lamination Scheme

In the present analysis the lamination scheme of plates is either symmetric or
anti-symmetric. The anti-symmetric arrangement involves coupling between bending
and stretching which affects greatly the deflections of both cross-ply and angle-ply
laminates.

The variations of center deflection, w. with load, g varying between 0 and

100 are given in Tables A.42 and A.43 and shown graphically in Figs. B.16 and B.17.
The transverse central deflection of 4- layered square laminated plates with simply
supported (SS2) boundary condition subjected to uniformly distributed load is shown
in Table A.42 and Fig.B.16. The thickness of all layers is assumed equal. The results
indicate that the anti-symmetric angle-ply [45° /—45° [ 45° /—45°] laminate is stiffer
than the symmetric one, and that the symmetric cross-ply laminate is stiffer than the
anti-symmetric one. This phenomenon is caused by coupling between bending and
stretching which lowers the deflections of anti-symmetric angle-ply laminates, and
raises the deflections of anti-symmetric cross-ply plates.

Similar behavior is shown by angle-ply laminates for clamped (CC2)
condition. In the case of cross-ply laminates as given in Table A.43 and shown in Fig.
B.17 the anti-symmetric cross-ply is stiffer than the symmetric one. This is due to the

restrained edge rotation in this case.
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CHAPTER (6)

Conclusions and Recommendations

6.1 Conclusions

A Dynamic Relaxation (DR) program based on finite differences has been

developed for small and large deflection analysis of rectangular laminated plates

using first order shear deformation theory (FSDT). The plate, which is assumed to

consist of a number of orthotropic layers, is replaced by a single anisotropic layer and

the displacements are assumed linear through the thickness of the plate. A series of

numerical comparisons have been undertaken to demonstrate the accuracy of the DR

program. Finally, a series of new results for uniformly loaded thin, moderately thick,

and thick plates with simply supported and clamped edges have been presented.

These results show the following:

1

2.

The linear theory seriously over-predicts the deflection of plates.

The deformations of a plate are dependent on bending and extension in the
nonlinear theory, whereas they are dependent on bending alone in the linear
theory.

Convergence of the DR solution depends on several factors including boundary

conditions, mesh size, the fictitious densities, and load.

. Deflection is greatly dependent on plate length/ thickness ratio at small loads, and

it becomes almost independent on that when the load is large.

. As the number of layers in a plate increases, the plate becomes increasingly stiffer.

. As the degree of anisotropy increases, the plate becomes stiffer and when it is

greater than 40.0, the deflection becomes virtually independent on the degree of

anisotropy.

. Deflection of plates depends on the angle of orientation of individual plies. An

increase of angle of orientation results in a decrease in the deflection at small

loads and an increase in deflection at large loads.
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8. Coupling between bending and stretching increases the deflection of [0°/90°] and
decreases the deflection of [90°/0°] plates depending on whether it is positive or
negative. Whereas, it always decreases the deflection of [45°/-45°] and [-45°/45°]
plates. It also lowers the deflection of anti-symmetric angle-ply laminate [45°/-
45°/45°/-45°] and increases that of anti-symmetric cross-ply laminate [0°/90°
/0°/90°].

9. Deflection depends on the aspect ratio of plate. When the aspect ratio becomes
greater than 2.0, the plate behaves as a beam, and therefore the deflection becomes
independent on the aspect ratio.

10.As the edges of a plate are more restrained, the deflection decreases.

6.2 Recommendations

The topics, which require further investigations in the future, are:

1. The DR iterations suffer from instability when a plate is in-plane free and the
load is large. Further work could be directed towards investigating the sources
of instability.

2. Further investigations on the influence of coupling between bending and
extension and/ or twisting on the response of laminated plates could be carried
out.

3. Analysis of plates under concentrated load is another area of research which

requires further study.
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APPENDIX (A)
Tables

Table A.1 DR Solution convergence results for a simply supported (SS5) square

plate subjected to uniform pressure (G =1,h/a=0.1 and v =0.3)

Mesh size W .
2 %2 0.04437
3x3 0.04592
4 x4 0.04601
5x5 0.04627
6x6 0.04629
7x7 0.04638
8x8 0.04640

Table A.2 Comparison of present DR, Turvey and Osman [6], and exact values

of Reddy [46] small deflection results for uniformly loaded simply supported

(SS5) square and rectangular plates of various thickness ratios(g =1, =0.3).

ab|ha |s| w. |50 |50 |52 |03 5@

1]0.0529 | 0.2879 | 0.2879 | -0.2035 | 0.3983 | 0.3983
0.0529 | 0.2879 | 0.2879 | -0.2035 | 0.3984 | 0.3984
0.0536 | 0.2873 | 0.2873 | -0.1946 | 0.3928 | 0.3928
0.0463 | 0.2866 | 0.2866 | -0.2038 | 0.3960 | 0.3960
I {0.10]2]0.0463 | 0.2865 | 0.2865 | -0.2038 | 0.3990 | 0.3990

310.0467 | 0.2873 | 0.2873 | -0.1946 | 0.3928 | 0.3928
1] 0.0440 | 0.2853 | 0.2853 | -0.2033 | 0.3960 | 0.3960
0.01 | 2| 0.0441 | 0.2860 | 0.2860 | -0.2039 | 0.3990 | 0.3990
310.0444 | 0.2873 | 0.2873 | -0.1946 | 0.3928 | 0.3928

0.20

(USTEEN \S)

—_—
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0.20

W N

110.1204
0.1216
0.1248

0.2825
0.2840
0.2779

0.6165
0.6225
0.6100

-0.2952
-0.2829
-0.2769

0.4230
0.4341
0.4192

0.5400
0.5410
0.5451

—

0.10

(VST S}

0.1111
0.1122
0.1142

0.2819
0.2838
0.2779

0.6148
0.6209
0.6100

-0.2964
-0.2843
-0.2769

0.4200
0.4358
0.4192

0.5412
0.5447
0.5451

0.011]2

1]0.1080
0.1109
310.1106

0.2823
0.2842
0.2779

0.6141
0.6212
0.6100

-0.2970
-0.2857
-0.2769

0.4200
0.4377
0.4192

0.5400
0.5472
0.5451

S (1): Present DR results
S (2): DR results of Ref. [6].
S (3): Exact results of Ref. [46].

1 1
Dx==aq.y==b
(1)x Sy =7

Table A.3

' Z

isotropic plate (SS5) (5:1.0 v=0.3 ,k* =0.833)

:%h;(Z)x=y=0,2=%h;(3)x=O,y=%b,z=0;(4)x=%a,y=z=0

Dimensionless central deflection of a square simply supported

h Present DR™ | 3- Node strip | 2-node strip | Hinton E, Huang H
Results Ref.[31] Ref.[31] | as stated in Ref.[31]

100 | 0.00403 0.00406 0.00406 0.00406

10 0.00424 0.00427 0.00426 0.00425

Table A.4 Comparison of present DR, Turvey and Osman [7] , and Ref.[46]
center deflections of a simply supported (SS3) square orthotropic plate made of

material | for different thickness ratios when subjected to uniform loading

(7=10)

Uniform Load
Thickness ratio
h/a We (DR) We (DR) We (exact)
present | Ref.[7] | Ref.[46]
0.2 0.017914 | 0.017912 | 0.018159
0.1 0.09444 | 0.09441 | 0.009519
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0.08 0.008393 | 0.008385 | 0.008442

0.05 0.007245 | 0.007230 | 0.007262
0.02 0.006617 | 0.006602 | 0.006620
0.01 0.006512 | 0.006512 | 0.006528

Table A.5 Comparison of present DR, Ref.[7] , Ref. [46], and exact solutions
Ref.[11] for a uniformly loaded simply supported (SS5) orthotropic plate made

of material Il when subjected to uniform loading (g =1.0)

b/a | hia | S W a,(1) a,(2)
1 0.0306 0.3563 0.4387

2 0.0306 0.3562 0.4410

0031, 0.0308 0.3598 0.4351

4 0.0308 0.3608 0.5437

1 0.0323 0.3533 0.4393

Ul oo | 2 0.0323 0.3534 0.4395
3 0.0326 0.3562 0.4338

4 0.0325 0.3602 0.5341

1 0.0344 0.3498 0.4367

2 0.0344 0.3498 0.4374

0141 0.0347 0.3516 0.5328

4 0.0346 0.3596 0.5223

1 0.0629 0.6569 0.5606

2 0.0629 0.6568 0.5637

0031, 0.0636 0.6550 0.5600

4 0.0636 0.6567 0.7024

1 0.0657 0.6566 0.5623

> oo 2 0.0657 0.6566 0.5628
3 0.0665 0.6538 0.5599

4 0.0664 0.6598 0.6927

1 0.0692 0.6564 0.5613

ME 0.0692 0.6564 0.5613

3 0.0703 0.6521 0.5597

4 0.0701 0.6637 0.6829
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S(1): Present DR results

S(2): DR results of Ref.[7].

S(3): Finite element solution Ref.[46].
S(4): Exact solution Ref.[11].

(1)x:%a, y:%b, zz%h; (2)x =0, y:%b, z=0

Table A.6 Comparison of present DR, and finite element results Ref. [22] for
[450/-450/450/-450] simply supported (SS4) square laminate made of material V

and subjected to uniform loads and for different thickness ratios (g =1.0)

ha | S W x10° &,(0)
1
02 9.0809 0.2022
2 9.0000 0.1951
1
0.10 4.3769 0.2062
2 4.2000 0.1949
1
0.05 3.2007 0.2081
2 3.0000 0.1938
1
0.04 3.0574 0.2090
2 2.9000 0.1933
1
0.02 2.8371 0.2063
2 2.8000 0.1912
S (1): Present DR results
S (3): Reddy [22] as read from graph. (1)x = y = %a,z = %h .

Table A.7 Non-dimensionalized deflections in three layer cross-ply [00/900/00]

simply supported (SS5) square laminates under uniform load (g =1.0)

ah | S W,
1 0.0693
2 | 2 0.0726
3 0.0716
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1 0.0224
5 2 0.0232
3 0.0235
1 0.0147
10 2 0.0150
3 0.0151
1 0.0127
20 2 0.0128
3 0.0128

S (1): Present DR results linear analysis
S (2): Librescu L and Khdeir A. A [57].
S (3):A.M.Zenkour, and M.E.Fares [29] results.

Table A.8 Comparison of present DR, Aalami and Chapman’'s [12] large
deflection results for a simply supported (SS3) square isotropic plate subjected

to uniform pressure (h/a =0.02 ,v =0.3)

_ _ | M,(1) | M)
g |s| w, | _ _
M,(1) | N;(1)
1]0.7360 | 0.7357 | 0.7852
208
2107386 | 0.7454 | 0.8278
1] 1.1477 | 1.0742 | 1.8436
41.6
2| 1.1507 | 1.0779 | 1.9597
1] 14467 | 1.2845 | 2.3461
63.7
2| 1.4499 | 12746 | 3.0403
1]1.7800 | 1.4915 | 4.1688
97.0
2| 1.7800 | 1.4575 | 4.4322

S (1): Present DR results (6x6 uniform mesh over quarter of the plate)
S (2): Ref.[12] results (6x6 graded mesh over quarter of the plate)
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(])x:y=%a,z=0.

Table A.9 Comparison of present DR, Aalami and Chapman's [12] large

deflection results for simply supported (SS4) square isotropic plate subjected to

uniform pressure (h/a=0.02 ,v=0.3)

7 _ M,(1) N1 | M) | MB) | MG)
‘ M,1) | N,(2) | NGB | N(2) | N(4)

0.5994 0.6077 1.0775 0.2423 1.1411 0.1648

208 0.6094 0.6234 1.0714 0.2097 1.1172 0.2225
0.8613 0.8418 2.2435 0.5405 2.4122 0.3177

416 0.8738 0.8562 2.2711 0.4808 2.4084 0.4551
1.0434 0.9930 3.3151 0.8393 3.6014 0.4380

637 1.0572 1.0114 3.3700 0.7564 3.6172 0.6538
1.2411 1.1489 4.7267 1.2604 5.1874 0.5706

770 1.2454 1.1454 4.8626 1.1538 2.2747 0.9075

S(1): Present DR results (6x6 uniform mesh over quarter of the plate)

S(2) : Ref.[12] results (6x6 graded mesh over quarter of the plate)
(1)X:y:%a,z =O;(2)x=%a,y =Z=O;(3)x=O,y=%a,z:0;(4)x=y=Z=O
Table A.10 Comparison of present DR, Aalami and Chapman's [12] large

deflection results for simply supported (SS2) square isotropic plate subjected to

uniform pressure (h/a=0.02 ,v =0.3)

_ — | M) | ME) | N
qg |s| w, _ _ —

My(1) | M,(2) | N(D)

0.8 1 0.2917 0.4305 -0.9841 0.1584

. 2 | 0.2793 0.4516 -1.0502 0.1731

16 1 0.5422 0.7789 -1.8592 0.5588

' 2 | 0.5292 0.8340 -2.0366 0.6099
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S (1): Present DR results (6x6 uniform mesh over quarter of the plate)

S (2) : Ref.[12] results (6x6 graded mesh over quarter of the plate)
(l)X:y:%a,Z =0;(2)x=%a,y=z:0;(3)x=0,y =%a,z:0

Table A.11 Comparison of present DR, Aalami and Chapman's [12] large

deflection results for Clamped (CC3) square isotropic plate subjected to uniform

1 0.7653 1.0687 -2.6791 1.1116
037 2 0.7549 1.1527 -2.9925 1.2179
1 1.0381 1.3939 -3.7454 2.0121
770 2 1.0315 1.4990 -4.2671 2.2070

pressure (h/a=0.02 ,v=0.3)

g |s| w M) | ME) | MO NE) | M3
M,1) | M,(2) | N,(1) | Ny(2) | N,(4)

1 | 0.2831 0.4169 -0.9531 0.2469 0.2158 0.0541

208 2 | 0.2850 0.4516 -1.0169 0.2473 0.1648 0.1520
1 | 0.5064 0.7296 -1.7251 0.8167 0.7267 0.1766

Ao 2 | 0.5231 0.8063 -1.9313 0.8233 0.5641 0.5156
637 1| 0.6909 0.9751 -2.3874 1.5380 1.3929 0.3299
2 | 0.7234 1.1056 -2.7986 1.5659 1.0989 0.9982

970 1 | 0.9031 1.2400 -3.1816 2.6446 2.4480 0.5627
2 | 0.9540 1.3522 -3.9069 2.7015 1.9689 1.7766

S(1): Present DR results (6x6 uniform mesh over quarter of the plate)
S(2) : Ref.[12] results (6x6 graded mesh over quarter of the plate)

(l)Xzyz%a,Z=O;(2)x=%a,y=Z=O;(3)x=0,y=%a,z=0;(4)x:y:Z=O
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Table A.12 Comparison of present DR, Aalami and Chapman's [12] large
deflection results for Clamped (CCL1) square isotropic plate subjected to uniform
pressure (h/a=0.02 ,v=0.3)

7 o w Mm,1) | MmM,(3) | N@Q) | N(2)
| M) | M,(2) | N,(Q) | N(3)

1] 02962 | 0438 | -09993 | 0.1139 | -0.1293

08 0] 02920 | 04655 | -1.0335 | 01401 | -0.1731
1] 05643 | 08120 | -1.9359 | 04129 | -0.4280
MOy ] 056 | 08756 | 20055 | 05073 | -0.6438
1| 08163 | 1.1375 | -2.8669 | 0.8497 | -0.8423

ST o] oste0 | 12358 | -3.0202 | 10440 | -13645
1| 1.1423 | 15149 | -421744 | 1.6044 | -1.5776

O o a0 | 16403 | 43779 | 19505 | -2.6832

S(1): Present DR results (6x6 uniform mesh over quarter of the plate)
S(2) : Ref.[12] results (6x6 graded mesh over quarter of the plate)

(1)x:yzla,z=O;(2)x=1a,y:z=0;(3)x=0,yzla,z:0
2 2 2
Table A.13 Comparison of present DR, and Rushton's [13] large deflection

results for a simply supported (SS5) square isotropic plate subjected to a

uniform pressure (v =0.3)

q S W, 5,(1)

1 0.3172 2.3063

8.2 2 0.3176 2.3136
3 0.291 2.09

1 0.7252 5.9556

29.3 2 0.7249 5.9580
3 0.731 6.25

1 1.2147 11.3180

91.6 2 1.2147 11.3249
3 1.22 11.43
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1.8754 20.749
293.0 1.8755 20.752
1.87 20.82

S (1): Present DR results (h/a =0.02; 8 x 8 uniform mesh over quarter of the plate)
S (2): Present DR results (h/a =0.01; 8x8 uniform mesh over quarter of the plate)
S (3): Ref. [13] results (thin plate 8x8 uniform mesh over quarter of the plate)

1 1
(1)x=y=§a,z=§h
Table A.14 Comparison of present DR, and Rushton's Ref. [14] large deflection

results for clamped (CC5) square isotropic plate subjected to a uniform pressure
(v=0.3)

q e &,(1) 5.(2)
92 0.1288 1.2567 -2.6870
. 0.1310 1.3100 -2.8300
0.4568 4.8353 -9.3458
36.6
0.488 5.28 -11.290
1.1525 13.6338 -23.9843
146.5
1.208 14.1 -35.5
2.1429 29.4982 -45.2634
586.0
2.24 293 -93.8
3.5780 63.5551 -68.4882
2344.0
3.74 62.8 -222.0
5.8130 142.8994 | -84.3537
9377.0
6.01 145.1 -481.0

S (1): Present DR results (h/a =0.02; 8 x 8 uniform mesh over quarter of the plate)
S (2): Ref. [13] results (thin plate 8x8 uniform mesh over quarter of the plate)

(l)X:y:%a,Z:%h; (2)x=0,y=%a, Zzéh; (3)x=y=%a,z:0
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Table A.15 Comparison of the present DR, and Azizian and Dawe's [16] large
deflection results for thin shear deformable simply supported (SS5) square

isotropic plates subjected to a uniform pressure (h/a =0.01, v =0.3)

q S We
1 0.34693
9.2
2 0.34677
1 0.80838
36.6
2 0.81539
1 1.45232
146.5
2 1.46250
1 2.38616
586.1
2 2.38820

S (1): Present DR results (6 x 6 uniform mesh over quarter of the plate)

S (2): Azizian and Dawe [16] results.
Table A.16 Comparison of the present DR, and Azizian and Dawe's [16] large
deflection results for moderately thick shear deformable simply supported (SS5)

square isotropic plates subjected to a uniform pressure (h/a =0.05, v =0.3)

q S We

1 0.04106
0.92

2 0.04105

1 0.19493
4.6

2 0.19503

1 0.27718
6.9

2 0.27760

1 0.34850
9.2

2 0.34938

S (1): Present DR results (6 x 6 uniform mesh over quarter of the plate)
S (2): Azizian and Dawe [16] results.
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Table A.17 Pressure versus center deflection comparison for a square clamped

(CC 5) orthotropic plate made of material 111 and subjected to uniform loading
(h/a =0.02)

g | w.(DR) w.(DRREef.[8]) | w.(Chia's results[58])
82.0 | 0.556 0.5824 0.53
163.0 | 0.8815 0.9251 0.90
245.0 | 1.1030 1.1639 1.16
326.0 | 1.2700 1.3421 1.33
408.0 | 1.4100 1.4984 1.50

DR results (5 x 5 uniform mesh over quarter of the plate) of the present study.

DR results Ref. [8] (5%5 uniform mesh over quarter of the plate).
Table A.18 Comparison of present DR , finite element results Ref. [59], and
experimental results Ref. [42] for a uniformly loaded simply supported (SS3)

square orthotropic plate made of material IV (h/a=0.0115).

7 | e | w@)| W) | w@)

17.9 1 0.5859 | 0.5858 | 0.58 0.58
53.6 | 1.2710 | 1.2710 | 1.30 1.34
71.5 114977 | 1.4977 | 1.56 1.59
89.3 | 1.6862 | 1.6862 | 1.74 1.74

S (1): Present DR results (5 x 5 uniform non — interlacing mesh over quarter of the plate)
S (3): Reddy's finite element results [59].
S (4): Zaghloul's and Kennedy's Ref. [42] experimental results as read from graph.

Table A.19 Comparison of present DR, and Chia's approximate analytical
results for 4 and 2-layer anti-symmetric angle-ply clamped (CC1) plates made of

material V and subjected to uniform pressure.

g |NOL | W (DR) W (Chia’s results [60])
4 0.5830 0.58
0.0 5 430 1.24
4 1.1273 1.10
1000:00 > | 1.8500 2.00
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1500.0 | 4 | 1.6016 1.53
2000.0 | 4 | 2.0113 1.94

" Denote number of layers.
Present DR results: ((h/a = 0.02) 5x5 uniform mesh over quarter of the plate).

Chia's results: Results read from graph [60].

Table A. 20 Comparison of present DR, and finite element Ref. [10] center
deflections of quasi-isotropic [0°/45°-45°/90°] clamped (CC5) square plates made

of material VV and subjected to uniform pressure. (h/a=0.1)

7 S W,
1 0.19

50.0
2 0.14
1 0.32

100.0
2 0.27
1 0.42

150.0
2 0.37
1 0.51

200.0
2 0.46
1 0.57

250.0
2 0.53

S (1): Present DR results (5 x 5 uniform mesh over quarter of the plate)

S (2): Putcha and Reddy's finite element results Ref. [10] read from graph.

Table A.21 Comparison of present DR, and finite element results Ref. [10] for a
2and 8-layer anti-symmetric angle-ply [45°-45°%...] clamped (CC5) square plate

made of material | and subjected to uniform pressure .(h/a=0.1)

g | s | w.(NoL=2) | w.(NOL=8)

1 0.2919 0.2033
2 0.2400 0.2100

50.0
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1 0.4727 0.3677
100.0

2 0.3700 0.3800

1 0.5979 0.4945
150.0

2 0.4600 0.5000

1 0.6950 0.5962
200.0

2 0.5300 0.6000

1 0.7753 0.6812
250.0

2 0.5800 0.6800

S (1): Present DR results (5 x 5 uniform mesh over quarter of the plate)
S (2): Ref. [10] results read from graph.
NOL: Number of layers.

Table A.22 Deflection of the center of a two-layer anti-symmetric cross- ply

simply supported in-plane fixed (SS5) strip under uniform pressure (b/a =5, h/a
=0.01)

7 |s|wmloor90° || w,le0°/0° || w,(8, =0) | %(1) | %(2) | %(3)

| 0.6851 0.2516 1314 | -15.0 | 172.3
18 [2| 0.6824 0.2544 02961 | 130.5 | -14.1 | 168.2

3] 0.6800 0.2600

1] 0.8587 03772 88.1 | -17.4 | 127.7
36 |2| 08561 0.3822 04565 | 87.5 |-16.3 | 124.0

3] 0.8400 0.3900

1] 1.0453 0.5387 61.0 | -17.0 | 94.0
72 |2| 1.0443 0.5472 0.6491 | 60.9 | -15.7 | 90.8

3] 1.0400 0.5500

1] 11671 0.6520 50.0 | -16.2 | 79.0
108 2| 11675 0.6630 0.7781 | 50.0 |-14.8 | 76.1

3 1.1500 0.6600

1] 12611 0.7418 436 |-155 | 70.0
144 | 2| 12629 0.7551 0.8780 | 43.8 |-14.0 | 67.2

30 1.2300 0.7600
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1 1.3390 0.8173 39.3 | -14.9 | 63.8
180 | 2 1.3421 0.8327 0.9609 39.7 | -13.3 | 61.2
3 1.0300 0.8400

S (1): Present DR results

S (2): DR results Ref. [8].

S (3): Values determined from Sun and Chin's graphical results Ref. [15].

(1) :200x (w, —w, )/w,.

(2) : 100x (W, — W, )/ W, .

(3) :100x (W, —w, )/ W, .

Table A.23 Center deflection of two-layer anti-symmetric cross-ply simply

supported in-plane free (SS1) plate under uniform pressure and with

different aspect ratios (h/a=0.01; g =18).

bla | 'S | w0°r90°] | w,l00°10°| | W, (B, =0) | %(1) | %(2) | %(3)
1] 08691 0.8718 | 03764 |130.9|131.6| -0.3
Y000 osees | os00 | o7 |1201|1302] 03
1| 08708 | 08758 | 03801 |129.1]129.1| 0.6
Yol ozos | osrsr | ossor | 1291|1304 06
1] 08591 0.8677 | 03883 | 12121235 -1.0
0 osses | osers | ossss |1213| 1235 -0
1| 08325 | 08422 | 03907 |113.1]1156-1.15
21| o | osee | o0se07 |13z |uss| -1
1] 07707 | 07796 | 03807 |102.4]10458|-1.14
1o omm2 | omm | ossr | 1026|1049 -1
1| 07173 | 07248 | 03640 | 97.0 | 99.1 | -1.0
"ol omes | omst | oses | 970 | 992 | -1
1] 06407 | 06460 | 03335 | 921 | 937 |-0.82
o] oes0r | osss | ossas | 927 | sar |00
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1 0.5324 0.5346 0.2781 914 | 922 | -04
. 2 0.5325 0.5347 0.2782 914 | 922 | -0.4
1 0.3797 0.3797 0.1946 95.1 | 95.1 | 0.0
+ 2 0.3796 0.3796 0.1949 948 | 948 | 0.0

S (1): Present DR results
S (2): DR results Ref.[8].
(1):100x (W, —W, )/ W, .
(2):100x (W, —W_ )/ W, .
(3):100x (W, —W, )/ W,.
Table A.24 Center deflection of a two-layer anti-symmetric cross-ply clamped

in-plane free (CC1) plate with different aspect ratios (h/a =0.01; g =18)

bla | S| wloo/90°]| w,l00° /07| | w,(8, =0) | %(1) | %) | %)
1| 01765 0.1766 0.0768 | 129.8 | 129.9] 0.0
151 01766 0.1767 0.0767 | 1302|1302 | 0.0
[ 01770 0.1771 0.0772 | 1293 | 1294 | 0.0
Y 010 0.1771 0.0770 | 129.9 | 130.0| 0.0
1| 01777 0.1780 0.0778 | 1284 | 1288 | 0.0
P e 0.1780 0.0777 | 128.7]129.1| 0.0
1| 01776 0.1780 0.0782 | 127.1|127.6 | 02
> 1 01776 0.1780 0.0781 | 1274|1279 0.2
1] 0.1743 0.1747 0.0776 | 1246 | 125.1| 02
00 o3 0.1747 0.0775 | 1249|1254 | 0.2
1| 0.1686 0.1689 0.0757 | 122.7|123.1| 02
Y 01685 0.1689 0.0755 | 1232|1237 0.2
R RNET 0.1565 0.0708 | 120.8 | 121.0] -0.1
2| 01862 0.1564 0.0707 | 1209|1212 -0.1
1| 01325 0.1326 0.0606 | 118.6 | 118.8| 0.0
205 o134 0.1325 0.0605 | 118.8|119.0| 0.0
[ 00932 0.0932 0.0428 | 117.8 | 117.8] 0.0
YOl 0003 0.0931 04280 | 117.5|117.5| 0.0

S (1): Present DR results
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S (2): DR results Ref.[8].
(1):100x (W, —W, )/ W, .
(2): 100x(W, —W_)/W,.

(3): 100x (W, - W, )/ W,
Table A.25 Center deflection of two-layer anti-symmetric cross-ply clamped in -

plane (CC5) rectangular plate with different aspect ratios (h/a =0.01)

bla | S | 7 | w|0°/90°]| w,l00°/0°] | W, (B, =0) | (1) | %) | %3
18 0.1706 0.1706 0.0767 122.4 | 1224 | 0.0

1|72 0.4945 0.4947 0.2934 68.5 | 686 | 0.0

5.0 180 | 0.8031 0.8033 0.6060 325 | 326 | 0.0
18 0.1708 0.1708. 0.0768 | 122.4 | 1224 | 0.0

2| 72 0.4947 0.4949 0.3073 61.0 | 610 | 0.0

180 | 0.8034 0.8036 0.7684 4.6 4.6 0.0

18 0.1710 0.1710 0.0770 | 122.1 | 122.1 | 0.0

172 0.4953 0.4953 0.2943 683 | 683 | 0.0

40 180 | 0.8037 0.8040 0.6073 323 | 323 | 0.0
18 0.1712 0.1712 0.0771 1220 | 1220 | 0.0

2| 72 0.4955 0.4957 0.3084 60.7 | 60.7 | 0.0

180 | 0.8040 0.8044 0.7711 4.3 4.3 0.0

18 0.1720 0.1720 0.0776 | 121.6 | 121.6 | 0.0

L 72 0.4974 0.4974 0.2967 67.6 | 676 | 0.0

1.0 180 | 0.8059 0.8065 0.6111 319 | 320 | 0.0
18 0.1720 0.1720 0.0777 | 1204 | 1204 | 0.0

2|72 0.4976 0.4979 0.3110 60.0 | 60.0 | 0.0

180 | 0.8062 0.8068 0.7771 3.7 3.7 0.0

18 0.1722 0.1722 0.0781 120.5 | 120.5 | 0.0

L 72 0.4994 0.4994 0.2985 673 | 673 | 0.0

5 180 | 0.8083 0.8090 0.6150 314 | 315 | 0.0
18 0.1723 0.1722 0.0781 | 120.6 | 120.6 | 0.0

2| 72 0.4996 0.4999 0.3126 59.8 | 599 | 0.0

180 | 0.8086 0.8093 0.7802 3.6 3.7 0.0
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18 0.1698 0.1698 0.0776 | 118.8 | 118.8 | 0.0

172 0.4997 0.4997 0.2976 679 | 679 | 0.0
20 180 | 0.8103 0.8110 0.6170 313 | 314 | 0.0
18 0.1699 0.1697 0.0775 | 1192 | 1192 | 0.0

2| 72 0.4999 0.4999 0.3101 612 | 612 | 0.0
180 | 0.8106 0.8113 0.7711 5.1 5.1 0.0

18 0.1649 0.1649 0.0756 | 118.1 | 118.1 | 0.0

172 0.4947 0.4947 0.2917 69.6 | 69.6 | 0.0
175 180 | 0.8072 0.8078 0.6113 320 | 320 | 0.0
18 0.1650 0.1648 0.0756 | 1183 | 118.0 | 0.0

2| 72 0.4949 0.4948 0.3022 63.8 | 638 | 0.0
180 | 0.8075 0.8081 0.7492 7.8 7.9 0.0

18 0.1539 0.1539 0.0708 | 117.4 | 117.4 | 0.0

L 72 0.4778 0.4778 0.2753 73.6 | 736 | 0.0

15 180 | 0.7918 0.7922 0.5895 343 | 344 | 0.0
18 0.1539 0.1537 0.0707 | 117.7 | 117.7 | 0.0

2| 72 0.4780 0.4778 0.2828 69.0 | 69.0 | 0.0
180 | 0.7921 0.7925 0.6993 133 | 133 | 0.0

18 0.1313 0.1313 0.0605 117.0 | 117.0 | 0.0

L 72 0.4330 0.4330 0.2383 81.7 | 81.7 | 0.0
125 180 | 0.7430 0.7432 0.5301 402 | 402 | 0.0
18 0.1314 0.1312 0.0605 1172 | 1169 | 0.0

2|72 0.4331 0.4330 0.2420 79.0 | 79.0 | 0.0
180 | 0.7432 0.7434 0.5992 240 | 241 | 0.0

18 0.0927 0.0927 0.0428 | 116.6 | 116.6 | 0.0

172 0.3347 0.3347 0.1702 96.7 | 96.7 | 0.0

10 180 | 0.6207 0.6207 0.4012 547 | 547 | 0.0
18 0.0928 0.0928 0.0428 | 116.8 | 1168 | 0.0

2|72 0.3348 0.3348 0.1711 957 | 957 | 0.0
180 | 0.6210 0.6210 0.4261 457 | 457 | 0.0

S (2): Present DR results
S (2): DR results Ref. [8].

%(1):100x (W, —W_ )/ W, .

%(2): 100x (W, —W, )/ W

0"
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%(3): 100x (W, —W, )/ W,,.
Table A.26 Comparison of the present DR method and M.Kolli and K.
Chandrashekhara [28] large deformation results for simply supported (SS5)
four layer symmetric rectangular laminates of cross-ply [0°/90°/90°%0°] and angle-
ply [45°/-45°-45°/45°] subjected to uniform pressure . (b/a =2, a/h =20,v =0.3)

_ We
q S
0°/90°/90°/0° 45°/-45°/-45°/45°
1 0.15 0.23
11.432
2 0.15 0.25

S (1): present DR results.
S (2): results of Ref. [28].

Table A.27 Variation of central deflection w_ with load, q of thin (h/a = 0.02)

and thick (h/a =0.2) isotropic plates of simply supported (SS5) condition (v =0.3)

- W
q S :
h/a =0.02 ha=0.2
20 | 1 0.8856 1.0635
2 0.5846 0.6159
40 | 1 1.7708 2.1271
2 0.8432 0.8626
60 | 1 2.6562 3.1906
2 1.0138 1.0262
80 | 1 3.5416 42542
2 1.1447 1.1526
100 | 1 4.4270 53177
2 1.2527 1.2573
120 | 1 5.3125 6.3812
2 13455 1.3478
140 | 1 6.1979 7.4448
2 14275 1.4279
160 | 1 7.0833 8.5083
2 1.5012 1.5001
180 | 1 7.9685 9.578
2 1.5685 1.5662
200 | 1 8.8541 10.6354
2 1.6306 1.6274

S (1): Linear
S (2): Nonlinear
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Table A.28 A comparison of the non-dimensionalized center deflections Vs. side
to thickness ratio of a four layered anti-symmetric cross-ply [0°/90°/0°/90°] and

angle-ply [45°/-45°/45°/-45°] square laminates under uniform lateral load (g =1.0)

W,
a/h SS1 CC1
[0%90°/0%90°] | [45%-45%45%-45°] | [0%/90°/0%90°] | [45%/-45%45%-45°]

10 0.0148 0.0115 0.0045 0.0048
15 0.0138 0.0102 0.0035 0.0037
20 0.0134 0.0097 0.0032 0.0032
25 0.0133 0.0095 0.0030 0.0030
30 0.0132 0.0094 0.0029 0.0029
35 0.0131 0.0093 0.0029 0.0029
40 0.0131 0.0092 0.0028 0.0028
50 0.0130 0.0092 0.0028 0.0028
80 0.0130 0.0091 0.0027 0.0027
100 0.0130 0.0091 0.0027 0.0027

Table A.29 A comparison of the non-dimensionalized center deflections vs. side
to thickness ratio of a four layered anti-symmetric cross-ply [0°90°/0°/90°] and

angle-ply [45°-45°/45°/-45°] square laminates under uniform lateral load. (¢

=200.0)
W,
a/h SS1 CC1
[0%/90°/0°/90°] | [45°/-45%/45%-45°] | [0°/90%/0°/90°] | [45°/-45°%/45%-45°]

10 1.8682 1.6788 0.8488 0.8874
15 1.8027 1.5700 0.6842 0.7152
20 1.7792 1.5144 0.6225 0.6447
25 1.7682 1.4860 0.5932 0.6092
30 1.7622 1.4697 0.5771 0.5889
35 1.7585 1.4595 05673 05763
40 1.7562 1.4528 0.5609 0.5679
50 1.7534 1.4446 0.5534 0.5578
80 1.7504 1.4356 0.5451 0.5467
100 1.7497 1.4335 05432 0.5440
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Table A.30 Number of layers effect on a simply supported (SS5) anti-symmetric
cross-ply [(0°/90°),] square plate under uniformly distributed loads. (h/a = 0.1)

_ W,
7 [0%90°] | [0%90°], | [0%90°]s | [0%90°]s | [0%90°s
20 02953 | 0.2278 0.2250 0.2241 0.2232
40 04323 | 03769 0.3728 0.3714 0.3702
60 0.5287 | 0.4807 0.4758 0.4742 0.4727
80 0.6057 | 0.5605 0.5551 0.5533 0.5517
100 0.6725 | 0.6258 0.6201 0.6182 0.6165
120 0.7294 | 0.6815 0.6756 0.6736 0.6718
140 0.7791 | 0.7304 0.7242 0.7221 0.7202
160 0.8236 | 0.7740 0.7676 0.7655 0.7636
180 0.8639 | 0.8136 0.8071 0.8049 0.8029

200 0.9009 | 0.8500 0.8433 0.8411 0.8390

Subscripted values 2, 3, 4, and 8: No. of the arrangements of a two layered laminate.

Table A.31 Number of layers effect on a simply supported (SS5) anti-symmetric
angle-ply [(45°/-45°),] square plate under uniformly distributed loads. (h/a = 0.1)

_ W,
7 [0%/90°] [0%90°], | [0%90%]; | [0%90%. | [0%90%
20 0.2160 0.1637 0.1583 0.1565 0.1549

40 0.3715 0.3009 0.2926 0.2899 0.2875

60 0.4841 0.4103 0.4010 0.3979 0.3951

80 0.5721 0.4993 0.4897 0.4865 0.4835

100 0.6446 0.5740 0.5644 0.5611 0.5582

120 0.7067 0.6384 0.6289 0.6257 0.6228

140 0.7612 0.6953 0.6859 0.6827 0.6798

160 0.8101 0.7462 0.7370 0.7339 0.7310

180 0.8544 0.7924 0.7834 0.7804 0.7775
200 0.8952 0.8349 0.8260 0.8231 0.8203

Subscripted values 2, 3, 4, and 8: No. of the arrangements of a two layered laminate.
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Table A.32 Effect of material anisotropy on the non-dimensionalized center
deflections of a four layered symmetric cross-ply and angle-ply clamped

laminates (CC5) under uniform lateral load (4=100.0, h/a = 0.1)

E//E; We
[0/90°7/90°/0°] | [45%/-45°/-45%/45]
2 0.8211 0.8318
4 0.6574 0.6882
6 0.5631 0.6006
8 0.5015 0.5408
10 0.4580 0.4970
12 0.4254 0.4633
14 0.4000 0.4364
20 0.3485 0.3804
25 0.3210 0.3498
30 0.3010 0.3273
35 0.2876 0.3099
40 0.2732 0.2959
45 0.2631 0.2845
50 0.2545 0.2748

Table A.33 Effect of material anisotropy on the non-dimensionalized center
deflections of a four layered symmetric cross-ply and angle-ply simply

supported laminates (SS5) under uniform lateral load (¢=100.0, h/a = 0.1)

WC
E//E; [0°/90°/90°/0°] [45°/-45°/-45°/45°]
2 1.1114 1.1128
4 0.9424 0.9397
6 0.8362 0.8272
8 0.7610 0.7466
10 0.7041 0.6851
12 0.6589 0.6362
14 0.6218 0.5962
20 0.5410 0.5098
25 0.4944 0.4609
30 0.4589 0.4242
35 0.4306 0.3955
40 0.4076 0.3724
45 0.3883 0.3534
50 0.3718 0.3374
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Table A.34 Effects of fiber orientation 0 on the deflection of a simply supported
square plate (¢ = 120.0, h/a=0.1)

9 W
SS2 SS3 SS4 SS5
0 1.3706 1.2346 0.6511 0.6513
5 1.3671 1.2274 0.6655 0.6537
10 1.3560 1.2074 0.7011 0.6606
15 1.3359 1.1769 0.7434 0.6713
20 1.3070 1.1366 0.7805 0.6843
25 1.2752 1.0876 0.8060 0.6979
30 1.2438 1.0321 0.8173 0.7101
35 1.2129 0.9745 0.8161 0.7194
40 1.1898 0.9259 0.8089 0.7249
45 1.1815 0.9056 0.8049 0.7267
50 1.1898 0.9259 0.8089 0.7249
55 1.2129 0.9745 0.8161 0.7194
60 1.2438 1.0321 0.8173 0.7101
65 1.2752 1.0876 0.8060 0.6979
70 1.3070 1.1366 0.7805 0.6843
75 1.3359 1.1769 0.7434 0.6713
80 1.3560 1.2074 0.7011 0.6606
85 1.3671 1.2274 0.6655 0.6537
90 1.3706 1.2346 0.6511 0.6513

Table A.35 Effects of fiber orientation 0 on the deflection of a clamped square

plate (¢ =120.0, h/a=0.1)

0 e
CCl cC2 CC3 cca CC5

0 05895 | 05815 | 04713 | 04709 | 04708
5 05920 | 05835 | 04789 | 04778 | 04730
10 05995 | 05896 | 04985 | 04952 | 04793
I5 06110 | 05992 | 05242 | 05173 | 04895
20 0.6254 | 06106 | 05514 | 05400 | 05027
25 06419 | 06212 | 05764 | 05606 | 05178
30 0.6584 | 06279 | 0590 | 05769 | 05331
35 06712 | 06280 | 06078 | 05871 | 05467
40 06788 | 06223 | 06118 | 05908 | 0556
45 0.6813 | 06183 | 06122 | 05913 | 0.55%
50 06788 | 06223 | 06118 | 05908 | 0556
55 06712 | 06280 | 06078 | 05871 | 05467
60 0.6584 | 06279 | 05960 | 05769 | 05331
65 06419 | 06212 | 05764 | 05606 | 05178
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70 0.6254 0.6106 0.5514 0.5400 0.5027
75 0.6110 0.5992 0.5242 0.5173 0.4895
80 0.5995 0.5896 0.4985 0.4952 0.4793
85 0.5920 0.5835 0.4789 0.4778 0.4730
90 0.5895 0.5815 0.4713 0.4709 0.4708

Table A.36 Variation of central deflection w_ with a high pressure range q of a
simply supported (SS4) four-layered anti-symmetric square plate of the

arrangement [0°/—0°/0° /-6° | with different orientations (h/a =0.2)

~ m
1 0=0°0r90° | 0=15°0r 75° | 6=30°0r 60° | 0=45°
20 0.2922 0.2799 0.2568 0.2466
40 0.4268 0.4209 0.4098 0.4039
60 0.5150 05141 05141 0.5135
80 0.5826 0.5853 0.5943 0.5984
100 0.6382 0.6438 0.6603 0.6685
120 0.6859 0.6940 0.7169 0.7286
140 0.7281 0.7382 0.7667 0.7816
160 0.7660 0.7779 0.8114 0.8292
180 0.8007 0.8141 0.8521 0.8725
190 0.8170 0.8311 0.8712 0.8929

200 0.8326 0.8475 0.8896 09124

Table A.37 Variation of central deflection w_ with a high pressure range q of
clamped (CC3) four-layered anti-symmetric square plate of the arrangement

lo° 1—6° /6° /- 0° | with different orientations (h/a =0.2)

- m
1 0=0°0r90° | 6=15°0r 75° | 0=30°0r 60° | 0=45°
20 02136 02125 0.2064 0.2003
40 03521 03553 03572 03531
60 0.4478 0.4550 0.4667 0.4668
80 0.5211 0.5317 0.5521 0.5564
100 0.5812 0.5946 0.6224 0.6307
120 0.6324 0.6483 0.6826 0.6944
140 0.6774 0.6954 0.7355 0.7505
160 0.7177 0.7376 0.7828 0.8007
180 0.7543 0.7759 0.8257 0.8464

200 0.7880 08111 0.8652 0.8383
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Table A.38 Central deflection of a two layer anti-symmetric cross-ply simply
supported in-plane fixed (SS5) rectangular plate under uniform pressure (b/a =
5.0, h/a=0.1)

q w, [0%790°] | w, [90%07] | w, (Bj=0) | %S(1) | %S(2) | %S(3)
20 0.7051 0.2860 0.3387 1082 | -156 | 146.5
25 0.7599 0.3260 0.3879 95.9 160 | 133.1
30 0.8052 0.3616 0.4303 87.1 160 | 1229
35 0.8442 0.3931 0.4677 80.5 160 | 11438
40 0.8787 0.4221 0.5013 753 158 | 1082
50 0.9380 0.4738 0.5599 67.5 154 98.0
60 0.9884 0.5191 0.6103 62.0 -14.9 90.4
70 1.0325 0.5597 0.6546 57.7 145 84.5
80 1.0721 0.5966 0.6945 544 -14.1 79.7
100 11412 0.6620 0.7641 49.4 134 72.4
120 1.2007 0.7192 0.8241 45.7 127 66.9
140 1.2534 0.7702 0.8772 42.9 122 62.7
160 1.3009 0.8166 0.9250 40.6 117 59.5
130 1.3444 0.8592 0.9686 39.8 113 65.5
200 1.3846 0.8988 1.0089 37.2 -10.9 541

$(2):100 x (w; -w, )/ w,
$(2):100 x (w, -w, )/ w,
$(3):100 x (w; -w, )/ w,

Table A.39 Central deflection of a two layer anti-symmetric angle-ply simply
supported in-plane fixed (SS5) rectangular plate under uniform pressure (b/a =
5.0, h/a=0.1)

- w, [45%-45°] — %S(1)=

q — W_z [_450/450] Wo (Bii =0) %S(2) %S(3)
20 0.4788 0.4503 6.3 0.0
25 0.5348 0.5082 5.2 0.0
30 0.5827 0.5578 4.5 0.0
35 0.6250 0.6013 3.9 0.0
40 0.6629 0.6404 3.5 0.0
50 0.7292 0.7084 2.9 0.0
60 0.7863 0.7669 2.5 0.0
70 0.8367 0.8184 2.2 0.0
80 0.8821 0.8648 2.0 0.0
100 0.9618 0.9459 1.7 0.0
120 1.0308 1.0160 1.5 0.0
140 1.0919 1.0780 1.3 0.0
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160 1.1472 1.1340 1.2 0.0
180 1.1978 1.1852 1.1 0.0
200 1.2445 1.2324 1.0 0.0

S(1):100 X (wy - wy ) wy
$(2):100 x (w, -w, )/ w,
S(3):100 x (w, - w, )/ w,

Table A.40 Central deflection of a two layer anti-symmetric cross-ply and angle-
ply simply supported in-plane fixed (SS5) rectangular plate under uniform

pressure and with different aspect ratios ( h/a= 0.1, g =200.0)

bla i
[0°/90"] [45%/-45"]

5.00 1.3846 1.2445
4.00 1.3848 1.2448
3.00 1.3854 1.2431
2.50 1.3838 1.2370
2.00 1.3679 1.2145
1.90 1.3594 1.2055
1.80 1.3473 1.1940
1.75 1.3395 1.1871
1.70 1.3303 1.1793
1.60 1.3067 1.1606
1.55 1.2919 1.1494
1.50 1.2745 1.1369
1.45 1.2544 1.1227
1.40 1.2311 1.1069
1.35 1.2044 1.0891
1.30 1.1740 1.0693
1.25 1.1394 1.0471
1.20 1.1006 1.0225
1.00 0.9009 0.8952

Table A.41 Variations of center deflection w_ with load, q of simply supported
(SS1) and (SS5), and clamped (CC5) thin isotropic plates (h/a=0.02, v = 0.3)

- w,

1 SS1 S5 CcC5
10 0.4763 0.3688 0.1301
20 0.8582 0.5846 02576
30 1.1647 0.7310 03754
40 1.4192 0.8200 0.4803
50 1.6382 0.9351 0.5728
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60 1.8318 1.0138 0.6548
70 2.0065 1.0828 0.7281
80 2.1662 1.1447 0.7943
90 2.3210 1.2010 0.8546
100 2.4692 1.2527 0.9101

Table A.42 Variation of central deflection w, with pressure q of a simply

supported (SS2) four-layered anti-symmetric and symmetric cross-ply and
angle-ply square plate (h/a = 0.1)

_ W,
T 1770°790%0% 90°] | [0% 90%/90°7 0°] | [45% -45%/45% -45°] | [45% -45°/-45% 457
10 0.1410 0.1299 0.0900 0.0934
20 0.2792 0.2577 0.1794 0.1862
30 0.4142 0.3814 0.26278 0.2777
40 0.5382 0.4999 0.3548 0.3674
50 0.6570 0.6126 0.4399 0.4548
60 0.7685 0.7192 0.5229 0.5398
70 0.8730 0.8200 0.6038 0.6221
80 0.9713 0.9154 0.6824 0.7016
90 1.0637 1.0057 0.7587 0.7785
100 1.1511 1.0915 0.8327 0.8528

Table A.43 Variation of central deflection w_ with pressure q of clamped (CC2)

four-layered anti-symmetric and symmetric cross-ply and angle-ply square plate
(h/a=10.1)

_ W,
7 [0°/90°/0% 90°] | [0%90°/90°% 0°] | [45° -45°/45°% -45°] | [45°/ -45°/-45°/ 45°]
10 0.0450 0.0457 0.0478 0.0499
20 0.0900 0.0913 0.0954 0.0997
30 0.1349 0.1368 0.1426 0.1489
40 0.1797 0.1822 0.1891 0.1971
50 0.2243 0.2274 0.2346 0.2441
60 0.2686 0.2724 0.2787 0.2895
70 0.3126 0.3169 0.3214 0.3331
80 0.3563 0.3611 0.3625 0.3749
90 0.3995 0.4048 0.4021 0.4149

100 0.4422 0.4479 0.4400 0.4532

88



Appendix (B)
Graphs

-
P

= .
Syl ——— Linear 7]
= - .
o MNon-linear f,f
= -
g 2,4  hia=0.02 1.~ L
= & 1.3 hia =02 - =
= o 2_,.-"“"
= - -~
1k} Pl -
%] -~ -
B -~ e
-
- -
! - -
-~ f—"‘
PR
4 o
R - -
-
-~ -
- -
- -
.‘-*":.-""f
= 2 Pt 34
| fﬁ,"‘"
: £
Z 1 1

D 1 1 1 1 1 1 1
] 20 40 60 B8O 100 120 140 160 180 =200

MNon-dimensionalized uniformly distributed load, §

Fig. B.1 Variation of central deflection, w, with load, g of thin (h/a =0.02) and thick (h/a

=0.2) simply supported (SS5) square isotropic plate.
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Fig. B.2 A comparison of center deflections versus side to thickness ratio of anti-symmetric
cross-ply and angle-ply square laminates under uniform lateral load ( g =1.0).
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Fig. B.4 Number of layers effect on a simply supported (SS5) antisymmetric
cross-ply [(0°/ 90°),] square plate under uniformly distributed loads ( h/a = 0.1).
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angle-ply [(45°/-45°),] square plate under uniformly distributed loads (h/a =
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Fig. B.6 Effect of material anisotropy on the non-dimensionalized Centre
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deflections of a four layered symmetric cross-ply and angle-ply simply
supported laminates (SS5) under uniform lateral load (7 =100.0, h/a=0.1).
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Fig. B.9 Effects of fiber orientation, 8 on the deflection of a clamped square plate
(7=120.0, h/a=0.1).
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supported (SS5) rectangular plate under uniform pressure (b/a = 5.0, h/a = 0.1).
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Appendix (C)

Boundary conditions

2
T N=M=w=M=1t=0 T No=Ne=w=p=M=0
N=0 N=0 M=o =0
N=g. N=g, N=g. =4,
={
w=0 | p w=0 m=0 * .,
M=o M=o M=0 M=
M=0 a M=0 v=0 a o
— 1 —1
M=MN=w=M=M=0 MNe=Ne=w=p=AL=0
g81 552
2 2
T =M= w= =M= 0 T Ni=v=w=g=1E=0
M=0 M=y . a={
v=0 =0 s Ni=g.
w=0 | b w=0 w0 w=0
M=g, M=0 ol ? M=0
=i =
nLA 2 = v=0 4 =0
—]1
p=MNi=w=gp=M=0 [T —— —1
583 584
2
T == w= =M =0
u={ u={
=4 =4
w=0 | P w={
A=a M=2
w=4 w=0
a
w1

== w=o=M=0

585

Fig. C.1 Simply supported boundary conditions
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Fig. C.2 Clamped boundary conditions
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Appendix (D)
Estimation of the Fictitious Densities

The following fictitious densities have been derived using the procedure
proposed by Cassel and Hobbs [52].
With reference to Fig.3.2:

0. j)= 025{—[1\7 (i+1 )+ N, (i l]]+—[N (i, j+1)+ N, (i, j - 1)]} (D.1)
0 01) =025 A 1)+ R s [ 414 7,3 02)

p.3)- ozs{(hj [f; ‘f;};;|N2<i,jx+f;|wl<i,u

(i+1 j)—2w(i, j)+wi -1, )

AXA
+%M( 2)- 21, )+ wli, 1)
_fA(X y)|w(+1j+1) w(i=1, j+ D)+ wli—-1 j-1)-w (n+1,j—1)|} (0.3)

pu(61) =025 (W1, 141+ 7,11

ol -l (4] 26.7) ©4

o1 )=025( 1 (W11, 1)+ W1, 1. )
+2%Ay[mz(i,j+1>+wi,1—1)]+(§j2@<i,j>} ©5

Where the over lined quantities are given by:
42 Blz + LBlG
Ay AxAy

.. 1 1 4
Nl(l'])ZE(All—i_Aw)—i_A_y(AlZ+A16) A Bll+
+ Al + Al + Al
4 2

—B, ,+——8B
Ay2 22 AxAy 26

.. 1 1 4
Nz(l']):_(Alz+A26)+_(A22+A26)+ 2312+
Ax Ay Ax

+ Al + Ayyl, + Ayl
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o1 1 L P
Ne(l’J) = E(Am + A66)+ A_y(A26 * A66)+ EBM " FB% i AxAy Pes
+ Aigly + Ayel, + Aggls

4 4 2

— . 1 1 T -
Ml(l’J): E(Bll +B16)+A_y(BlZ +Ble)+FDll * Ay2 Dy + AxAy Das
+ Byl + Bpyly + Bigly

4 2

1 1 4
Mz(l’J)ZE(BlZ +Bze)+A_y(BZZ +Bze)+ED12 +FD22 +Ax—AyD26

+ Bpyly + Byl + Byl

— .. 1 1 4 4 2
MG(’!J):E(Bla+B66)+A_y(326+366)+§l)16+Ayz D26+AxAy

D66

+BlGIl+BZGZZ +B6613
_ 1 1

I, j)= A —+1|+ 4| —+1
0,(i.j) 45(Ay J SS(AX j

=N, (1 1
Qz(l,])—AM(Ay+1J+A45[Ax+lj

Andi,,/, and 7, are as follows:

P Wi +1, j)—wli -1, /)

1 ZA)CZ

l = =5 |wli, j +1) - w(i, j ~1)

1
2Ay°

[l +1 )= wli =1, ) + i, j +2) = (i, j ~2)]

l; =
2AxAy
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